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Abstract
Motivated by the observation of comets and asteroids rotating in non-principal
axis (NPA) states, we investigate the relaxation of a freely precessing triaxial
ellipsoidal rotator towards its lowest-energy spin state. Relaxation of the pre-
cession arises from internal dissipative stresses generated by self-gravitation and
inertial forces from spin. We develop a general theory to determine the vis-
coelastic stresses in the rotator, under any linear rheology, for both long-axis
(LAM) and short-axis (SAM) modes. By the methods of continuum mechan-
ics, we calculate the power dissipated by the stress field and the viscoelastic
material strain which enables us to determine the timescale of the precession
dampening. To illustrate how the theory is used, we apply our framework to
a triaxial 1I/2017 (‘Oumuamua) and 4179 Toutatis under the Maxwell regime.
For the former, employing viscoelastic parameters typical of very cold monolithic
asteroids renders a dampening timescale longer by a factor of 1010 and higher
than the timescales found in the works relying on the Q-factor approach, whilst
the latter yields a significantly shorter timescale as a consequence of including
self-gravitation. We further reduce our triaxial theory to bodies of an oblate
geometry and derive a family of relatively simple analytic approximations deter-
mining the NPA dampening times for Maxwell rotators, as well as a criterion
determining whether self-gravitation is negligible in the relaxation process. Our
approximations exhibit a relative error no larger than 0.2%, when compared to
numerical integration, for close to non-dissipative bodies and 0.002% for highly
energy dissipating rotators.
Key words: methods: analytical – celestial mechanics – minor planets, asteroids: general
1 Preliminaries
1.1 Tumbling comets and asteroids
Precessing unsupported tops are not uncommon in astronomy. Pulsars, planets, comets,
asteroids, and cosmic dust granules often tumble, i.e., rotate in NPA (non-principal-
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axis) states. In the Light Curve Database, NPA characteristics are exhibited by 497
out of 19640 objects for which the rotation has been measured reliably (Warner et al.,
2015, updated on 31 January 2019). Most of these tumblers are of small to medium
size, with their diameters seldom exceeding 20 km (Pravec et al., 2014, Figure 8).
Examples of tumbling comets include P/Halley (Sagdeev et al., 1989), 46P/Wirtanen
(Samarasinha et al., 1996; Rickman & Jorda, 1998), 29P/Schwachmann-Wachmann 1
(Meech et al., 1993), and 67P/Churyumov-Gerasimenko (Gutie´rrez et al., 2016). Among
asteroids, notable examples of tumblers are 4179 Toutatis (Hudson & Ostro, 1995), 2008
TC3 (Scheirich et al., 2010), and 99942 Apophis (Pravec et al., 2014). Recent work has
also suggested that the interstellar asteroid 1I/2017 U1 (‘Oumuamua) was rotating in
an NPA state during its fly-by past Sol (Drahus et al., 2018; Fraser et al., 2018; Belton
et al., 2018; Rafikov, 2018; Bannister et al., 2019).
There exist many physical mechanisms by which tumbling can be excited, such as
gravitational torques (Kwiecinski et al., 2018), outgassing (Jewitt et al., 1997), colli-
sions with other celestial objects (Henych & Pravec, 2013), the YORP effect (Breiter
& Murawiecka, 2015), or formation of the tumbling body through disruption of a pro-
genitor (Giblin & Farinella, 1997).
The inertial forces emerging in a tumbling rotator contain oscillating components,
which consequently result in periodic stresses. As no rotator is perfectly elastic, these
stresses cause internal friction, which entails energy dissipation, without affecting the
angular momentum. Once excited, a free rotator evolves towards a spin state corre-
sponding to a minimal energy, with a fixed value of the angular momentum vector;
the state of rotation around the shortest principal axis (which is the axis with the
maximal moment of inertia). This end-state is achieved in the situations where an
external factor excites tumbling and then becomes negligible, so that free rotation is
allowed to occur. A more complex system is a setting where ongoing external excita-
tion is competing with dissipation, however, this latter setting is beyond the scope of
our paper.
1.2 History and recent progress
Heretofore, in almost all studies on the topic, the dissipation rate was parameterised
with an empirical quality factor Q . Within this approach, the following estimate of
the damping time was offered by Burns et al. (1973):
τ ∝ µ Q
ρR2 Ω3
A , (1)
with µ , Q , ρ , R being the mean shear rigidity, quality factor, density, and radius
of the body; Ω being the spin rate. In their formulae (22 - 23), the authors esti-
mated the numerical factor A to be about a hundred for near-spheroidal rotators:
A
(Burns et al) ∝ 100 .
A milestone result, this estimate was, however, very approximate and, as we know
now, rendered an inflated value for A . More importantly, the estimate did not provide
A as a function of a residual nutation angle. These shortcomings motivated several au-
thors to improve the calculation, such as solving a boundary-value problem for stresses
and strains, and employing the resulting solutions in a subsequent calculation of the
energy dissipation rate that depended on the nutation angle.
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For oblate bodies, such analysis was suggested by Efroimsky & Lazarian (2000).
Those authors noticed that a large part of dissipation in an oblate rotator comes from
the second harmonic, which is a double of the precession frequency. 1 This was one of
the reasons for those authors obtaining a much faster relaxation rate: A
(E&L) ∝ 1−4 .
The authors modeled the body with a rectangular prism, and the boundary conditions
for the stresses were satisfied on its surfaces only approximately.
Molina et al. (2003) applied their method to an oblate ellipsoid. They too imposed
the boundary conditions approximately, leading to the values A
(Molina et al) ∝ 10−30 .
Sharma et al. (2005) solved the equation for displacements, with exact boundary
conditions. For oblate bodies, they obtained A
(Sharma et al) ∝ 200 − 800 and found
even larger values for prolate shapes which yielded very long timescales of relaxation.
Breiter et al. (2012) developed an exact solution for displacements in an elastic
triaxial ellipsoid. These authors found that, while excessively large values of A were
obtained by Sharma et al. (2005) due to the accumulation of three mathematical over-
sights, overtly small values were obtained by Efroimsky & Lazarian (2000) (by a factor
of 14/pi ) mainly due to modeling the body with a prism of a volume higher than any
solid of revolution with the same ratio of axes.
In all those works, calculations comprised two main steps: First, the stress and
strain tensors (or the field of displacements) were found under the assumption that the
body was elastic. Second, the elastic energy was calculated and an empirical quality
factor Q was introduced to account for the energy damping rate. This rate was then
used to calculate the decay rate of the precession cone.
The two aforementioned steps are, however, incompatible. On the one hand, elas-
ticity implies instantaneous reaction, i.e., a zero phase lag between the deformation
and stressing whilst, on the other hand, calculation of the power damped at a cer-
tain frequency yields a quality factor whose inverse is equal to the sine of the phase
lag at this frequency (Frouard & Efroimsky, 2017, Appendix A). The error caused by
employment of this method will increase with increasing deformability of the material.
Specifically, the method is inapplicable to those asteroids and comets which are rubble.
In such bodies, lagging between action and reaction forces is large and the effective vis-
cosity becomes an important parameter that must enter the calculation of deformation
caused by the precession-generated stressing (Efroimsky, 2015). The calculation should
be based on a rheological law, and should render the phase lag at each frequency of
the deformation spectrum. These lags should then enter the calculation of the energy
dissipation rate at each frequency. From this rate, it is then possible to calculate the
precession dampening timescale as a function of the half-angle of the precession cone.
In a recently published paper by Frouard & Efroimsky (2017), this process was
followed for oblate ellipsoids, using elastic stresses from Sharma et al. (2005) and cor-
responding these to viscoelastic stresses in Fourier space for a linear Maxwell rheology.
1 The second harmonic emerges due to the centrifugal force being quadratic in the angular velocity
Ω . For a dynamically oblate rotator, the components of Ω are proportional to sinω t and cosω t ,
where ω is the nutation rate and t is time. Hence, in the expression for the centrifugal force,
squaring of Ω gives birth to sin 2ω t and cos 2ω t terms. Such terms then emerge in the stress and
strain tensors, thereby affecting the dissipation rate.
In triaxial rotators, precession generates stresses at an infinite number of frequencies χn which are
overtones of some base frequency χ1 that is lower than ω (see Section 4.2 for details).
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The scope of the current work, whilst having the same goal, seeks to extend this previ-
ous work to triaxial ellipsoids using a different, more mechanically general formalism.
We aim to derive the linear elastic stresses in a triaxial ellipsoidal rotator, using a
direct, stress-based approach built on the framework of Breiter et al. (2012); and to
derive the corresponding viscoelastic stresses in the Laplace space, using Residue The-
ory which we argue is more algebraically feasible for complicated geometries with fewer
axes of symmetry. We further discuss subtleties involving the kinematics of a freely
rotating triaxial rotator, such as the different rotational behaviours it can exhibit, like
the long-axis (LAM) and short-axis (SAM) modes, and the analytical difficulties in
modeling the transition between them, as well as pursuing a mechanical treatment of
the problem.
To make our historical account complete, we would mention a fully numerical ap-
proach to the problem, recently suggested by Quillen et al. (2019). That method can
be employed as an independent test for analytical models.
1.3 Plan of the paper
We organise the paper as follows: In Section 2, we describe the kinematics and me-
chanics of a rotating object, without the effects of torques. We explain that, in the
infinitesimal deformation regime which is the focus of the work, one can treat the rota-
tor as quasi-rigid and solve the Euler equations to determine the rotational behaviour
over short timescales.
In Section 3, we formulate a framework to determine the elastic stresses emerging
in a homogeneous ellipsoid due to its rotation and self-gravitation, whilst in Section
4 we employ the Correspondence Principle in Laplace space to obtain the viscoelastic
stresses under an arbitrary linear rheology. In Section 5, from our knowledge of the
stress field and rheology, we determine the rate of energy dissipation and then calculate
the timescale necessary to dampen the precession angle.
To illustrate our theory in practice, we apply it to a triaxial ‘Oumuamua- and
Toutatis-sized object obeying the Maxwell rheology and discuss the role of parameters,
such as mass density and aspect ratio, in the relaxation process in Section 6. We
further reduce our general triaxial theory to bodies of an oblate geometry to facilitate
comparison with previous work and subsequently derive analytic approximations for
the dampening timescale, as well as a criterion for when self-gravitation can be ignored,
in Section 7. We conclude the present work with a discussion of our results.
2 Freely rotating quasi-rigid ellipsoids
We assume that the unperturbed (no-wobble) shape of the body is not very different
from a triaxial ellipsoid and was acquired by the body long ago in the course of its
accretion. Indeed, dependent on the rotation rate, the figures of a stable equilibrium
of an inviscid fluid can be either oblate (a Maclaurin ellipsoid) or triaxial (Jacobi
ellipsoid). Other shapes are available but unstable, see Grigor’yeva (1999). We also
assume that the body, once shaped, has the capability to sustain its geometry. This
implies that the body, even if highly porous and cracked, is stronger than rubble
and has enough bonds to retain its shape after the minimal energy state is reached
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and the stress becomes stationary. Thus, whatever viscoelastic model we use, it will
be applicable to minor variations of shape only during precession relaxation. Mind,
though, that to solve for these small displacements, we shall need to know both the
oscillating and constant components of the stress.
2.1 Preliminary theory: Quasi-rigid approximation
We consider a homogeneous rotator of an ellipsoidal geometry with mass m . To
describe its dynamics, we use a basis comprising the unit vectors e1, e2, and e3 that
move with the body and always align with its principal axes. The lengths of the
ellipsoid’s semi-major axes are a, b, and c and we further define their ratios 2
h1 =
b
a
, h2 =
c
b
. (2)
In this co-rotating basis, a position vector r of a small parcel of material is given by
r = xe1 + ye2 + ze3 , (3)
whilst its instantaneous angular velocity Ω in the rotating frame is
Ω = Ω1e1 + Ω2e2 + Ω3e3 . (4)
As the co-rotating basis is set to always align with the principal axes, the inertia
tensor I always stays diagonal and time-independent
I =

ma2
5 h
2
1 (1 + h
2
2) 0 0
0 ma
2
5 (1 + h
2
1h
2
2) 0
0 0 ma
2
5 (1 + h
2
1)
 . (5)
Conservation of the angular momentum in the co-rotating frame renders the Euler
equations of motion for a free top
d
dt
(IΩ) = Ω× IΩ . (6)
The time derivative on the left-hand side may be interpreted as the rate of change of
the angular momentum vector in the rotating reference frame while the right-hand side
is related to the moment of inertial forces (Landau & Lifshitz, 1976).
The essence of the quasi-rigid approximation is the decoupling of the precession
dynamics, which occurs on the short timescale, and the body deformation that occurs
on the large timescale. As a result, we suppose the body keeps its shape as it tumbles,
which implies that I˙Ω  I Ω˙i ; so the equations of rotational motion become
I
dΩ
dt
≈ Ω× IΩ . (7)
2 To facilitate comparison of our formalism with that developed for oblate rotators in Frouard &
Efroimsky (2017), we note that their parameter h coincides with our h2 . There is no h1 because
oblateness implies a = b ≥ c and h1 = 1 .
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2.2 Integrals of motion and regimes of rotation
Equation (7) possesses two integrals of motion — the kinetic energy Tkin and the
magnitude of the angular momentum vector |J | . With Iij being the elements of the
matrix I given by (5), the conservation of the kinetic energy and the magnitude of the
angular momentum reads
2Tkin = I11Ω
2
1 + I22Ω
2
2 + I33Ω
2
3 , (8)
J2 = I211Ω
2
1 + I
2
22Ω
2
2 + I
2
33Ω
2
3 . (9)
Mathematically, in the space of the body-frame angular velocities Ωi , each solution
Ω(t) to the Euler equations is characterised by fixed values of Tkin and J . This
situation is illustrated by Figure 1 where the red and blue ellipsoids are the surfaces of
constant Tkin and |J| , correspondingly. For a fixed value of |J| , three different values
of Tkin are considered.
A solution to the Euler equations (7) coincides with the moving tip of a vector
Ω(t) pointing from the origin to a point on the surface of the angular-momentum
ellipsoid. The tip describes a trajectory made by the intersection of the kinetic-energy
ellipsoid with the angular-momentum ellipsoid — a thick black line in the figure. We
see that two distinct classes of solutions are possible: When the angular-velocity vector
is closer to the minimal-inertia axis and precesses around it, the corresponding solution
is termed a Long-Axis Mode (LAM) whilst if the angular-velocity vector is closer to
the maximal-inertia axis and precesses about it, the solution is called a Short-Axis
Mode (SAM). The curve (in fact, a union of two intersecting curves) dividing the two
classes is the separatrix.
In one extreme case, the kinetic-energy ellipsoid exhibiting the largest value of
Tkin available for a fixed |J| would embed the angular-momentum ellipsoid, touching
it in two opposite points on the Ω1 axis. These points correspond to rotation about
the minimal-inertia axis or the longest principal axis. In the other extreme case, the
kinetic-energy ellipsoid with the smallest available value of Tkin would be located inside
the angular-momentum ellipsoid, and would be touching it from inside in two opposite
points on the Ω3 axis. These points are the states of complete relaxation of precession
or the rotation about the shortest principal axis. In both extreme cases, we obtain
two solutions corresponding to two possible orientations of the spin — clockwise and
counter-clockwise.
2.3 Measure of precession and the adiabatic approximation
Aside from these extreme cases, the spin mode is NPA and the rotator precesses. To
quantify the sweep of precession, consider the angle made by the angular momentum
J and the body axis about which the angular momentum is precessing
LAM : θ(L) ≡ arccos
(
J · e1
|J|
)
, (10)
SAM : θ(S) ≡ arccos
(
J · e3
|J|
)
. (11)
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Figure 1: Illustration of precession relaxation, in the space of body-frame angular
velocities, for a quasi-rigid ellipsoid with principal semi-major axes lengths a > b >
c. Red and blue ellipsoids are the surfaces of constant Tkin and |J |, as specified in
(8) and (9), whilst the black trajectories are the intersection curves and therefore
solution trajectories of (7). Large kinetic energies give precession solutions around
the minimal inertial axis in LAM rotation (top), with the two solutions corresponding
to the clockwise and anti-clockwise orientations. Such solutions are quantified by a
maximum wobbling angle θ
(L)
max defined in (12). As the kinetic energy decreases, these
two solution curves intersect to form the separatrix (middle) where θ
(L)
max = 90◦ and, for
lower kinetic energies than this state, the rotation now precesses around the maximal
inertial axis in SAM rotation (bottom) which is quantified by the wobbling angle θ
(S)
max
defined in (13). (Color online)
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In the simple case of an oblate rotator, only the SAM regime is available and
the precession angle θ = θ(S) does not change on the timescale of the precession
(Efroimsky & Lazarian, 2000; Efroimsky, 2002). In the triaxial case, however, both
θ(L) and θ(S) evolve in time and cannot serve as measures of precession. While in
(Efroimsky, 2000) and (Efroimsky, 2001) it was suggested to measure precession by
the time average of sin2 θ over a precession cycle, Breiter et al. (2012) chose to employ
the maximal value of the angle over a cycle
LAM : θ(L)max = max arccos
(
J · e1
|J|
)
, (12)
SAM : θ(S)max = max arccos
(
J · e3
|J |
)
. (13)
In our developments hereafter, we shall employ θ
(L)
max and θ
(S)
max to facilitate the com-
parison of our results with those of Breiter et al. (2012).
Precession relaxation implies conservation of J , with a slow decrease of the value
of the energy Tkin . Suppose we have a trajectory that begins in the realm of LAM:
With the angular momentum vector precessing about the minimal-inertia (long) axis,
the angular velocity vector is moving about the axis Ω1 in Figure 1 top. After some
energy is dissipated, the body comes to rotation about the middle-inertia axis, with
the angular velocity vector pointing to the separatrix, Figure 1 middle. This regime is
unstable however, in that a slight deviation will lead the rotator towards SAM behavior.
In SAM, the angular momentum vector will be precessing about the maximal-inertia
(short) axis, while the angular velocity vector will be spiraling about Ω3 and converging
to that axis, see Figure 1 bottom.
In summary, from the maximal energy rotation state, θ
(L)
max ranges from 0◦ to 90◦ ,
with the latter corresponding to the separatrix, given that the solution trajectories
intersect the Ω2 axis, therefore yielding an angle of 90
◦ when measured with respect
to the Ω1 axis. Then, from the separatrix to the minimal energy state, θ
(S)
max varies
from 90◦ to 0◦ so that the angular momentum vector eventually becomes parallel to
the Ω3 axis.
Rigorously speaking, dissipation becomes possible only when we return the dropped
term dI
dt
Ω back in the Euler equations. Nonetheless, energy decrease may be tolerated
when it is adiabatically slow, i.e., when we ensure the separation of timescales∣∣∣∣∣ dθ(L)maxdt
∣∣∣∣∣ ,
∣∣∣∣∣ dθ(S)maxdt
∣∣∣∣∣  precession rate  rotation rate . (14)
The applicability of the adiabatic approximation depends on the dissipative prop-
erties of the material. The validity of the quasi-rigid approximation (that dI
dt
Ω is neg-
ligible compared to I dΩ
dt
) depends on the deformation properties. To put it roughly,
the former approximation hinges mainly on viscosity, the latter mainly on elasticity, so
we do not expect one of these approximations to entail another, and will treat them as
independent.
We would finally mention that when the rotator reaches the minimal energy state
the stresses in it become stationary. Under some linear viscoelastic rheologies, this may
lead to deformation of the body’s axes, however, such processes are outside the scope
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of the present work. For now, we consider the assumptions made in the beginning of
Section 2; namely, that the geometry of the body is unaltered. No matter how close to
rubble, the body is assumed to have enough strength to sustain its unperturbed shape.
2.4 Solutions for a rigidly rotating triaxial ellipsoid
The solutions to (7) can assume either a LAM or SAM form, dependent on the dimen-
sionless parameter
B = 2TkinI22
J2
, (15)
whose values will lie within the interval I22I33
≤ B ≤ I22I11 , derived from the fact that the
rotational behaviour must be in the region between the minimal energy state J2 =
I233 Ω
2
3 , 2Tkin = I33 Ω
2
3 and the maximal energy state J
2 = I211 Ω
2
1 , 2Tkin = I11 Ω
2
1 .
When 1 < B ≤ I22I11 , the rotational motion is of the LAM type, whilst if
I22
I33
≤ B < 1 ,
then SAM rotation occurs. Furthermore, given that B depends directly on Tkin , it is
also related to the maximum wobbling angles θ
(L)
max and θ
(S)
max .
Both the LAM and SAM types of explicit solutions for (7) can be cast elegantly in
a single form, which is (Deprit & Elipe, 1993)
Ω
(R)
1 =
|J |
I11
√
(B(R) I33 − I22) I11
(I33 − I11) I22 F
(R)
1
(
ω(R) (t− t0) , k(R)
)
, (16)
Ω
(R)
2 =
|J |
I22
√
B(R) I33 − I22
I33 − I22 F
(R)
2
(
ω(R) (t− t0) , k(R)
)
, (17)
Ω
(R)
3 =
|J |
I33
√√√√(I22− B(R)I11) I33
(I33 − I11) I22 F
(R)
3
(
ω(R) (t− t0) , k(R)
)
, (18)
where t0 ∈ R is an arbitrary constant, while the superscript R can take on two values,
L or S , depending on whether the rotational motion is LAM or SAM. Here and
hereafter, the dimensionless parameter B is denoted with B(R) where the superscript
is needed to determine in which of the two intervals B assumes its value. This will be
needed below, to emphasise which of the two formulae, (24) or (30), links B to the
maximal wobble angle.
Individually, the functions F
(R)
1 , F
(R)
2 , F
(R)
3 in LAM rotation are
F
(L)
1
(
ω(L) (t− t0) , k(L)
)
= ±dn (ω(L) (t− t0) , k(L)) , (19)
F
(L)
2
(
ω(L) (t− t0) , k(L)
)
= k(L)sn
(
ω(L) (t− t0) , k(L)
)
, (20)
F
(L)
3
(
ω(L) (t− t0) , k(L)
)
= ±cn (ω(L) (t− t0) , k(L)) , (21)
9
where the parameter ω(L) and the elliptic modulus k(L) are given by
ω(L) = |J |
√(
1
I11
− 1
I22
)(B(L)
I22
− 1
I33
)
, (22)
k(L) =
sin θ
(L)
max√√√√1 + 1I11 − 1I221
I22
− 1
I33
cos θ
(L)
max
, (23)
while the maximal wobble angle is related to B(L) through (Breiter et al., 2012)
B(L) = 1−
(
1− I22I11
)
cos2 θ
(L)
max . (24)
Similarly, in SAM rotation, we have
F
(S)
1
(
ω(S) (t− t0) , k(S)
)
= ±cn (ω(S) (t− t0) , k(S)) , (25)
F
(S)
2
(
ω(S) (t− t0) , k(S)
)
= sn
(
ω(S) (t− t0) , k(S)
)
, (26)
F
(S)
3
(
ω(S) (t− t0) , k(S)
)
= ±dn (ω(S) (t− t0) , k(S)) , (27)
where
ω(S) = |J |
√(
1
I22
− 1
I33
)(
1
I11
− B
(S)
I22
)
, (28)
k(S) =
sin θ
(S)
max√√√√1 + 1I22 − 1I331
I11
− 1
I22
cos θ
(S)
max
, (29)
and the maximal wobble angle is related to B(S) as (Breiter et al., 2012)
B(S) = 1−
(
1− I22I33
)
cos2 θ
(S)
max . (30)
In the above expressions, cn (u, k) , sn (u, k) , and dn (u, k) are the doubly-periodic
Jacobi elliptic functions (Jacobi, 1969).
In summary, the motion of the rotator is described by one constant parameter |J |,
three parameters {I11, I22, I33} which are constant under the quasi-rigid approxima-
tion, and a single time-dependent variable which is the maximum wobbling angle θ
(R)
max.
This angle is related to the rotational kinetic energy of the system, and changes its
value as the energy dissipates due to internal inelastic stressing.
3 Elastically deformable triaxial rotators
As our eventual aim is calculation of the precession relaxation rate, a key intermediate
step will be to find the rate of energy dissipation as a function of the precession angle.
That rate is equal to the power generated by the internal friction. To compute it, we
shall need to know the distribution of strains and stresses. While the strain can be
found from the stress through the rheological equation for the material, the stress is
defined by the distribution of the reaction forces in the body.
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3.1 Forces
In an inertial frame, the reaction force per unit mass, f , can be found through Newton’s
Second Law. According to this law, the acceleration a is caused by the combined action
of the reaction force f and the gravity force bgr per unit mass is
− f = a + bgr . (31)
3.1.1 The acceleration in an inertial frame,
expressed via the body-frame angular velocity
The acceleration a with respect to an inertial frame and the acceleration arot of a
material point in the body frame are linked through the expression (Goldstein et al.,
2012; Kwiecinski et al., 2019)
a = arot +
dΩ
dt
× r + 2Ω× dr
dt
+ Ω× (Ω× r) , (32)
where all time derivatives are rates measured in the rotating basis.
Rotating with a period τ , a body of size l experiences deformation of the order
δl ≈  l . In the body frame, parts of the body acquire deformation-caused velocity
v ≈ δl/τ ≈  l/τ and deformation-caused acceleration a ′ ≈ δl/τ 2 =  l/τ 2 . These
values of v and a ′ are much smaller than the velocity and acceleration of the body
as a whole ( l/τ and l/τ 2 , correspondingly). As a consequence, the inertial-frame
acceleration reduces to
a ≈ dΩ
dt
× r + Ω× (Ω× r) . (33)
In terms of the shape ratios (2), the moments of inertia are given by (5). Insertion
thereof in the Euler relations (7) yields the time derivative of the angular velocity
expressed via its components (Breiter et al., 2012, Eqn 21)
dΩ
dt
= − 1− h
2
2
1 + h22
Ω2 Ω3 e1 +
1− h21 h22
1 + h21 h
2
2
Ω1 Ω3 e2 − 1− h
2
1
1 + h21
Ω1 Ω2 e3 , (34)
where the unit vectors e1 , e2 , and e3 align along the principal axes of inertia.
3.1.2 Self-gravitation
We now consider the contribution to the reaction force by self-gravitation, or the conse-
quence that each material point in the rotator has a mass and will therefore experience
and exert a gravitational force. For a precessing top, the total contribution can be
divided into a constant part from the undeformed body b¯gr and an oscillatory part due
to the inertial forces from rotational acceleration b˜gr
bgr = bgr + b˜gr . (35)
The constant part bgr is the self-gravitation force of an undeformed body. In a
point (x, y, z) inside a homogeneous ellipsoid parameterized by the body-frame basis
{e1, e2, e3} , this contribution is
bgr = − γ1 x e1 − γ2 y e2 − γ3 z e3 , (36)
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where the constant coefficients γ1, γ2, γ3 are (Gauss, 1813; Rodrigues, 1816)
γ1 =
Gm
a3
RJ
(
1, h21, h
2
1h
2
2, 1
)
, (37)
γ2 =
Gm
a3
RJ
(
1, h21, h
2
1h
2
2, h
2
1
)
, (38)
γ3 =
Gm
a3
RJ
(
1, h21, h
2
1h
2
2, h
2
1h
2
2
)
, (39)
for G being Newton’s Gravitational Constant and RJ being an elliptical integral of
the form
RJ = (u, v, w, p) =
3
2
∞∫
0
ds
(p+ s)
√
(u+ s) (v + s) (w + s)
. (40)
The small oscillating part b˜gr is due to the periodically evolving distortion caused
by the inertial forces. While it is not immediately apparent if b˜gr can be dropped,
Frouard & Efroimsky (2017, Section 3.3.1) provide an argument for why the oscilla-
tory part can be neglected for the purpose of calculating the power dissipation. The
argument is based on the fact that integrating over the volume of the body ultimately
averages out this contribution. Within this approximation, we assume
bgr = bgr . (41)
3.1.3 The force of material reaction
By substituting the inertial forces (33) and the effects of self-gravitation (36) into
Newton’s Second Law (31), we can write down the reaction force as
f = − B r , (42)
where the matrix B is given by (Breiter et al., 2012)
B =

Ω22 + Ω
2
3 − γ1 − 2 Ω1 Ω21 + h21 −
2 Ω1 Ω3
1 + h21 h
2
2
− 2h
2
1 Ω1 Ω2
1 + h21
Ω21 + Ω
2
3 − γ2 − 2 Ω1 Ω31 + h22
− 2h
2
1 h
2
2 Ω1 Ω3
1 + h21 h
2
2
− 2h
2
2Ω1Ω3
1 + h22
Ω21 + Ω
2
2 − γ3
 , (43)
with its off-diagonal entries related by B21 = h
2
1B12 , B31 = h
2
1 h
2
2B13 , and B32 =
h22B23 .
3.2 Determination of linearly elastic stresses
As a first step, we take the body as elastic and calculate its stress field. The solution
for elastic stresses found in this section is a necessary step to find the corresponding
stresses under a general viscoelastic rheology.
We have the necessary information to compute the internal elastic stresses of the
rotator. Before doing the mathematics, let us make an inventory of the assumptions
made hereinabove:
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1. The body is homogeneous and isotropic.
2. The unperturbed shape of the body is ellipsoidal and was formed long ago. The
body is quasi-rigid, in that it preserves its shape over the shortest timescale
(rotation about the instantaneous axis), experiences small oscillations of shape
over the intermediate timescale (precession) and, again, preserves the average
shape over the longest timescale (precession relaxation).
3. The long-term evolution is adiabatic, in that we treat Tkin as constant over the
short and intermediate timescales, and treat it as a slowly evolving parameter
over the long timescale.
4. The deformations are small so that we may neglect them in integrations over the
volume and, therefore, may use expression (43).
To these items, we now add:
5. The rotator is isolated, with no exterior force or torque acting on it.
Explicitly or implicitly, these assumptions were employed in the preceding works (Pren-
dergast, 1958; Efroimsky, 2002; Sharma et al., 2005; Molina et al., 2003; Frouard &
Efroimsky, 2017; Breiter et al., 2012). By items 4 and 5 above, and by appealing to the
balance of the linear and angular momenta (Landau et al., 1995), we can write down
the equations obeyed by the 3× 3 Cauchy stress tensor σ in the body-related frame
∇ · σ = −ρBr , (44)
σ = σT , (45)
where superscript T denotes transposition, the gradient operator is defined as ∇ =(
∂
∂x
, ∂
∂y
, ∂
∂z
)
, while the mass density ρ is constant for a homogeneous rotator. Fur-
thermore, in expression (44) we have substituted the reaction force f with Br , ac-
cording to (42).
The balances of linear and angular momentum are not sufficient to completely
determine the internal stresses of the body. For example, if one applies a uniaxial
load, (44) and (45) do not tell us by what measure the material will contract in the
perpendicular direction. We must impose a relationship between the stress σ and the
strain of the material ε. Using assumptions 1 and 4, we model our rotator as an
homogeneous isotropic Hookean body satisfying the constitutive relation
ε =
1 + ν
E
σ − ν
E
Tr (σ) I , (46)
where ν is the Poisson ratio measuring the amount of contraction under a uniaxial
load, E is the Young’s modulus, Tr () is the trace operator, and I is the 3×3 identity
matrix.
For the purpose of finding how a body dissipates energy in an NPA state, we only
require the calculation of the internal stresses σ rather than the complete displacement
field. To this end, the deformation of the ellipsoid must satisfy the Saint-Venant
compatibility condition
∇×∇× ε = 0 , (47)
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which implies that the linear elastic problem always produces a single-valued displace-
ment field, necessary to ensure that a mapping between the deformed and undeformed
states mathematically exists (Slaughter, 2012).
Inserting (46) in (47) and using the tensor calculus identity
∇×∇× ε = ∇2ε+∇ (∇Trε)−∇ (∇ · ε)− [∇ (∇ · ε)]T ,
we arrive at
(1 + ν)∇2σ +∇ (∇Trσ)− ν∇2 (Trσ) I
= (1 + ν)
[
∇ (∇ · σ) + [∇ (∇ · σ)]T
]
. (48)
Given that ∇ is a spatial differential operator, while the elements of B only depend
on time, we can rewrite equation (44) as ∇ (∇ · σ) = − ρB and use this to further
simplify expression (48)
(1 + ν)∇2σ +∇ (∇Trσ)− ν∇2 (Trσ) I = − ρ (1 + ν) [B+ BT ] . (49)
We lastly require a boundary condition to close the system of equations and there-
fore ensure a unique solution for the elasticity of the rotator. To this end, we rely on
assumption 2 and also introduce
6. No external stresses are applied over the boundary.
Then, over the boundary ∂B with unit normal nˆ , the Cauchy stress σ satisfies
σ · nˆ|∂B = 0 . (50)
The Cartesian coordinates (x, y, z) in the co-rotating basis (3) can be expressed
through an ellipsoidal parameterisation. This parameterisation comprises the scaled
radial coordinate q ∈ [0, 1] , azimuthal angle ψ ∈ [0, pi] , and polar angle φ ∈ [0, 2pi]
x = q a sinψ cosφ , (51)
y = q b sinψ sinφ = q a h1 sinψ sinφ , (52)
z = q c cosψ = q a h1 h2 cosψ , (53)
where a ≥ b > c are the lengths of the ellipsoid’s principal axes.
To determine the unit normal at the boundary of the ellipsoid, we define a function
f (x, y, z) =
x2
a2
+
y2
a2 h21
+
z2
a2 h21 h
2
2
− 1 . (54)
As its gradient is related to the unit normal nˆ through nˆ = ∇f/ |∇f | , the boundary
condition (50) can be written down as
σ ·
(
x,
y
h21
,
z2
h21 h
2
2
)
= 0 , (55)
where we employed parameterization (51 - 53) at q = 1 . While the lengths of the
principal axes {a, b, c} weakly oscillate over the intermediate timescale (precession),
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the quasi-rigid approximation introduced in Section 2.1 neglects this effect over the
short timescale (rotation).
The rotator’s internal stresses are found by solving equations (44), (45), and (49),
subject to the traction-free boundary condition (55) which have been developed to only
depend on the Cauchy stress σ . For an ellipsoidal body, we use the ansatz (Slaughter,
2012)
σ (x, y, z, t) = a2 S(00) − x2 S(11) − y
2
h21
S(22) − z
2
h21h
2
2
S(33)
− xy
h1
S(12) − xz
h1h2
S(13) − yz
h21h2
S(23) , (56)
where each S(ij) is a 3× 3 matrix whose elements are time-dependent only.
The stress expressed by (56) has 63 unknowns. However, by imposing the balance
of angular momentum (45), the number is reduced to 36. Then, the balance of linear
momentum (44) and the boundary condition (55) render us a further 30 unique al-
gebraic equations, owing to the relations between the off-diagonal entries of B . One
can solve for all the matrix elements in terms of entries of the spatially constant stress
S(00) and then determine the remaining 6 entries by solving the constitutive relation
(49). As the expressions for the S(ij) are large and numerous, we provide their explicit
forms in Appendix A.
4 Rotators obeying linear viscoelastic rheologies
We calculate the stresses of a material exhibiting a linear viscoelastic rheology from
the elastic stresses found in Section 3.2. The method which we employ is known as the
Correspondence Principle. Alternatively named Alfrey-Hoff’s Analogy, and sometimes
attributed to Biot (1954), and actually pioneered yet to Darwin (1879), this approach
allows us to find intermediate fictitious stresses in an integral transform space where the
time-derivative operators become algebraic. Determination of the viscoelastic stresses
can then be achieved by inverse transforming these intermediate stresses back into real
time. We discuss how these fictitious stresses are derived by a Laplace formalism,
and then explore how the corresponding viscoelastic stresses can be determined by
integrating in the complex plane with Residue Theory.
4.1 Correspondence Principle in Laplace Space
The isotropic Hookean (elastic) constitutive relation can be decomposed into the devi-
atoric and volumetric contributions
σD (t) = 2µεD (t) , (57)
σV (t) = 3KεV (t) , (58)
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where the subscripts D and V denote the volumetric and deviatoric contributions to
the deformation. Specifically, the appropriate components of the stress are
σD = σ − 1
3
Tr (σ) I, (59)
σV =
1
3
Tr (σ) I . (60)
K and µ are the bulk and deviatoric moduli respectively. They are measures of the
mechanical resistance to these stresses, and are related to the Poisson ratio ν by
(Skrzypek & Ganczarski, 2015)
ν =
3K − 2µ
6K + 2µ . (61)
Compare the linear elastic problem of (57) and (58) with the viscoelastic prob-
lem, which can be similarly decomposed into deviatoric and volumetric contributions
(Alfrey, 1944; Hilton & Russell, 1961)
P1σD (t) = U1εD (t) , (62)
P2σV (t) = U2εV (t) . (63)
Here, Pi and Ui are linear differential operators in time and are given by
Pi =
mi∑
j=0
p
(j)
i
∂j
∂tj
, (64)
Ui =
ni∑
l=0
u
(l)
i
∂l
∂tl
, (65)
where p
(j)
i and u
(l)
i are constants, while i ∈ {1, 2}, j ∈ {0, 1, ...,mi}, and l ∈ {0, 1, ..., ni}.
By noting the mathematical analogy between the elastic and viscoelastic problems,
we introduce a generalised viscoelastic notion of the Poisson ratio
νV E =
P1U2 − P2U1
P2U1 + 2P1U2
. (66)
We now appeal to the elastic-viscoelastic correspondence principle which provides a
framework for determining the stresses of a linear viscoelastic material from the elastic
solution. The idea is that the constitutive relations (57) and (58), which algebraically
relate stresses to strains, map to a fictitious problem in an integral transform space
where the stress rates and strain rates are similarly algebraic (Findley & Davis, 2013).
To this end, we introduce the Laplace transform L which maps a function α (t) from
real time space t to a function α̂(s) in a complex frequency space s (Pipkin, 2012)
α̂ (s) ≡ L{α (t)} =
∞∫
0
e−stα (t) dt , (67)
which features the desirable property of transforming differential operators to algebraic
ones (Widder, 2015)
L
{
dnα (t)
dtn
}
= snαˆ (s) , (68)
16
where we have supposed that at some initial time t = t0, α and all its derivatives
vanish. We emphasize that the forthcoming analysis only applies to rotating bodies
which do not exhibit an initial stress and strain as well as initial stress and strain rate.
These aspects allow us to define a corresponding fictitious problem of (62) and (63)
in Laplace space
P̂1σ̂D (s) = Û1ε̂D (s) , (69)
P̂2σ̂V (s) = Û2ε̂V (s) , (70)
whereby the generalised Poisson ratio (66) is now purely algebraic
ν̂V E =
P̂1Û2 − P̂2Û1
P̂2Û1 + 2P̂1Û2
, (71)
according to the property (68).
With this framework, one can determine the viscoelastic stresses in 3 steps: 1.
The elastic solution σ (ν, t) is Laplace transformed to obtain σ̂ (ν, s), treating ν as
constant. 2. Supposing a material rheology, instances of ν are replaced with ν̂V E as
defined in (71). 3. The fictitious stress in complex frequency space σ̂ (ν̂V E, s) is inverse
transformed to obtain the viscoelastic stresses in real time σV E (t).
4.2 Nome expansions of Jacobi Elliptic Functions
The first step of this process involves Laplace transforming σ which, given the forcing
from inertial contributions encoded in B (43), depends on quadratic terms involving
the Jacobi elliptic functions, as defined in Section 2.4. In general, integrating these
functions according to (67) cannot be done exactly, so we require the use of Fourier
series called Nome expansions to determine the fictitious stresses analytically. To obtain
expressions for the mixed terms, we employ the standard Nome expansions (Byrd &
Friedman, 2013) for cn (u, k) , sn (u, k) , and dn (u, k) and use the derivative identities
d
du
(cn (u, k)) = −sn (u, k) dn (u, k) , (72)
d
du
(sn (u, k)) = cn (u, k) dn (u, k) , (73)
d
du
(dn (u, k)) = −k2cn (u, k) sn (u, k) , (74)
to obtain
sn (u, k) dn (u, k) =
pi2
kK (k)2
∞∑
n=0
(2n+ 1) qn+
1
2
1 + q2n+1
sin
(
[2n+ 1] piu
2K (k)
)
, (75)
cn (u, k) dn (u, k) =
pi2
kK (k)2
∞∑
n=0
(2n+ 1) qn+
1
2
1− q2n+1 cos
(
[2n+ 1] piu
2K (k)
)
, (76)
sn (u, k) cn (u, k) =
2pi2
k2K (k)2
∞∑
n=0
(n+ 1) qn+1
1 + q2n+1
sin
(
[n+ 1] piu
K (k)
)
, (77)
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where q is the Jacobi Nome defined as
q = exp
(
−piK
(√
1− k2)
K (k)
)
, (78)
with K (k) being the complete elliptical integral of the first kind
K (k) =
pi/2∫
0
(
1− k2 sin θ)−1/2 dθ . (79)
Expansions for the Jacobi elliptic functions squared are similarly found. The first
derivation of the Fourier development for sn2 (u, k) dates back to Jacobi in his treatise
on elliptic functions which, by further appealing to Legendre’s relation for complete
elliptical integrals (Whittaker & Watson, 1996), is given by (see Section 41, p. 110 of
Jacobi (1969))
sn2 (u, k) =
1
k2
(
1− E (k)
K (k)
)
− 2pi
2
k2K (k)2
∞∑
n=1
nqn
1− q2m cos
(
mpiu
K (k)
)
, (80)
with E (k) being the complete integral of the second kind
E (k) =
pi/2∫
0
(
1− k2 sin θ)1/2 dθ . (81)
Expansions for cn2 (u, k) and dn2 (u, k) are obtained by using the fundamental elliptical
identities
cn2 (u, k) = 1− sn2 (u, k) , (82)
dn2 (u, k) = 1− k2sn2 (u, k) . (83)
Some comments regarding expansions (75 - 77) and (80) are in order. First, we note
that all expansions are bounded in the region k ∈ [0, 1), with K (1) corresponding to
positive imaginary infinity, thereby causing the expansions to break down. This regime
corresponds to a transitioning of the Jacobi elliptic functions from doubly-periodic
to non-periodic hyperbolic functions. These expansions only provide an apt analytic
description of the rotator’s kinematics provided we do not consider the separatrix
dividing the LAM and SAM rotational behaviours.
Second, we note that, given the defintion of the Nome as an exponential in (79),
all the listed expansions exponentially converge to the desired Jacobi elliptic function.
However, as we consider the k → 1 regime where the expansions break down, one needs
more terms in order to properly encompass the increasingly non-periodic nature of the
elliptic functions.
The third and most important point regards (80): This expansion is valid for all u.
Despite sn2 (u, k) ∈ [0, 1] and the terms of the Nome expansion being cosines capable
of assuming negative values, the expansion remains within [0, 1] for k ∈ [0, 1) . Indeed,
the inequality
1
k2
(
1− E (k)
K (k)
)
>
2pi2q
k2K (k)2 (1− q) , (84)
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suggests that the first oscillatory term has an amplitude less than the constant zeroth-
order term. Furthermore, this will not change with the inclusion of higher order terms,
given the exponential decay of the series, so that the expansion must be within the
region [0, 1] for k 6= 1. The important consequence is that the obtained viscoelastic
stresses will remain valid for all time, rather than being piecewise functions.
With the introduction of the Nome expansions, we are now able to Laplace trans-
form the elastic stress by integrating term by term according to (67). Given that we
have solved the problem in the infinitesimal strain regime, the easiest means of com-
putation involves transforming the entries of S(00), since all other contributions of σ
are related linearly to them. Therefore, as an example, consider implementing step 1
of our method to S
(00)
13 given in (157): The only time-dependent term is B13 defined
in (43) and is therefore the only term which must be transformed. We integrate the
expansion (76)
L{B13} = CL
{
cn
(
ω(R)t, k(R)
)
dn
(
ω(R)t, k(R)
)}
(85)
= C
∞∑
n=1
(2n+ 1) qn+1/2
1− q2n+1
 s[(2n+ 1)ω(R)
2K (k)
]2
+ s2
 , (86)
where we have set t0 = 0 , while the superscript R is either L or S , for LAM and
SAM rotation respectively. The nome is calculated as q = q
(
k(R)
)
, and the overall
factor is
C =
∓ 2 Ω(0)1 Ω(0)3
1 + h21 h
2
2
, (87)
with
Ω
(0)
1 =
|J |
I11
√
(B(R) I33 − I22) I11
(I33 − I11) I22 , Ω
(0)
3 =
|J |
I33
√
(I22 − B(R) I11) I33
(I33 − I11) I22 . (88)
The fictitious stresses in the complex frequency space are then found by supposing
a linear viscoelastic rheology which defines the operators P1, U1, P2, and U2 according
to (62) and (63). These operators are transformed into algebraic operators P̂1, Û1,
P̂2, and Û2 by the Laplace transform property (68). Then, we substitute ν → ν̂V E as
defined in (71). Explicitly, the corresponding fictitious stress of (157) is given by
Ŝ
(00)
13 (ν̂V E, s) =
ρ h21 h
2
2L{B13} (h21 (h22(ν̂V E + 1) + 2) + (2h22 + 1) (ν̂V E + 1))
2 h21 (h
2
2 (ν̂V E + 1) + 2) + 2 (3h
2
2 + 1) (ν̂V E + 1)
. (89)
4.3 Determining viscoelastic stresses by Residue Theory
The last step of determining the viscoelastic stress involves taking the fictitious stress in
Laplace space and inverse transforming it by the operator L−1. For linear viscoelastic
rheologies, the transformed deviatoric operators P̂1 and Û1 and the volumetric operators
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P̂2 and Û2 are integer polynomials of s. This aspect allows us to obtain a simplified
form for the inverse transform (see Appendix B for proof)
L−1 {α̂ (s)} =
∑
Res
[
estα̂ (s)
]
, (90)
where the right hand side is the sum of all complex residues or contributions from
the singularities of estα̂ (s), and where the highest derivatives of the deviatoric and
volumetric viscoelastic operators satisfy m1+n2 ≤ m2+n1, as defined in the viscoelastic
problem (64) and (65).
Given that our case exhibits integer powers of s, these singularities are poles. As a
reminder, a function f which is zero at s0 becomes a pole for 1/f (s0). Such poles are
removable singularities, being multiplied by powers of (s− s0) until (s− s0)n /f (s0)
produces a finite value for the lowest possible integer n. The residues of such nth order
poles are computed by (Mitrinovic & Keckic, 1984)
Res
[
estα̂ (s)
]
=
1
(n− 1)! lims→s0
dn
dsn
[
(s− s0) estα̂ (s)
]
. (91)
The pole singularities of the fictitious stress have a very nice physical meaning: If the
s0 where the singularity occurs is purely real, this defines the exponential relaxation
timescale of the viscoelastic stress as per (91), whereas a purely imaginary s0 defines the
frequency at which the stress oscillates, given that it results in a complex exponential.
The method of computation to determine viscoelastic stress is as follows: Having
found the fictitious stress σ̂ (ν̂V E, s), one must determine the values for the Laplace
variable s whereby pole singularities occur. These values can be determined by de-
manding the denominator of the stresses vanish, however, one should ensure that these
solutions do result in pole singularities by taking the limit of the fictitious stress as
it approaches the value for ν̂V E or s. In general, there are two sources of pole singu-
larities: The first is from the Laplace transformed inertial forcing and self-gravitation
L{Bij} which, for our previous example (89), occurs at
s0 = ± i (2n+ 1)ω
(R)
2K (k)
, (92)
where i =
√−1, yielding the result that the poles are of order 2 and are purely imagi-
nary so that they define the frequency at which the stress oscillates.
The second contribution to the singularities can be most conveniently determined
by demanding the denominator is zero and solving the resultant equation in terms of
the transformed Poisson ratio ν̂V E which, for our example, is
ν̂V E = −1− 2h
2
1
1 + (3 + h21)h
2
2
. (93)
By supposing a linear rheology, one can then solve for the corresponding s0 by using
(71). To illustrate, consider the rotator being described by a Kelvin-Voigt rheology
under deviatoric deformations, so that
P̂1 = 1 , Û1 = µ+ ηs , (94)
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where µ is the modulus of elasticity and η is the viscosity, whilst it remains elastic under
volumetric deformation so that P̂2 = 1 and Û2 = 3K, with K being the volumetric
elastic modulus. In this case, the corresponding singularity occurs at
s0 = −η
(
6K ((h21 + 3)h
2
2 + h
2
1 + 1)
h21 (h
2
2 + 4) + 3h
2
2 + 1
+ µ
)
, (95)
which is a first order pole singularity that is purely real and therefore defines the
exponential relaxation factor incorporating the material properties and geometry of
the rotator.
The inverse Laplace transform of (89) is finally calculated by finding the residues
of the pole singularities (92) and (95), according to (91). The benefit of working in
Laplace space has reduced the problem of inverse transformation, and therefore finding
the viscoleastic stresses in real time, to finding the solution of a polynomial and differ-
entiating, rather than having to compute an integral which, in general, is more difficult
to do analytically. This three step correspondence process of Laplace transforming,
finding the fictitious stress in complex frequency space, and inverse transforming by
determining the residues is done for each entry of S(00) in order to obtain the total
viscoelastic stress σV E (t).
5 Calculation of precession relaxation timescales
With the viscoelastic stresses found, we proceed with calculating the power dissipated
due to internal stresses and therefore determine the timescale necessary to relax tum-
bling. For a continuum lacking internal heat sources, the dissipated power P (t) com-
prises two parts: one owing to the work of the traction vector inside the body t ;
another is due to the work of the body forces per unit mass over the volume f
P (t) =
∫
S
t(x, t) · ∂u(x, t)
∂t
dS +
∫
V
ρ f(x, t) · ∂u(x, t)
∂t
dV, (96)
with u being the displacement field. The coordinates x are those of Euler, so dV ≡ d3x
is an Eulerian (deformed) element of volume, while dS is an element of the deformed
surface.
We use Cauchy’s Law to impose a relationship between the traction vector and the
stress, so that t = σ · n, and apply the Divergence Theorem to obtain
P (t) =
∫
V
∇ ·
(
σ · ∂u(x, t)
∂t
)
+ ρ f(x, t) · ∂u(x, t)
∂t
dV, (97)
=
∫
V
σ : ∇
(
∂u(x, t)
∂t
)
+ (∇ · σ + ρf (x, t)) · ∂u(x, t)
∂t
dV, (98)
where (:) is the double dot product between tensors.
Since ∇ · σ + ρf (x, t) = 0 from the balance of linear momentum under the
quasi-rigid and adiabatic approximations, the remaining term can be written down as
P (t) =
∫
V
σ :
∂
∂t
(∇u(x, t)) dV , (99)
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which can be further simplified, upon using the symmetric property of the stress tensor,
as
σ :
∂
∂t
(∇u(x, t)) = 1
2
σ :
∂
∂t
(∇u(x, t)) + 1
2
σT :
∂
∂t
(∇u(x, t))T ,
=
1
2
σ :
∂
∂t
[
∇u (x, t) + (∇u (x, t))T
]
,
= σ :
∂ε
∂t
, (100)
with the infinitesimal strain tensor defined as
ε ≡ 1
2
[
∇u+ (∇u)T
]
.
Inserting (100) in (99), we arrive at an expression for the power arising from internal
stresses and strains
P (t) =
∫
V
σ :
∂ε
∂t
dV,
=
∫
V
(σD + σV ) :
∂
∂t
(εD + εV ) dV , (101)
where we have decomposed each tensor into their deviatoric and volumetric parts.
For analytic tractability in determining the NPA tumbling relaxation, we average
the power dissipation over a precession period. Given the linear dependence of σ on the
oscillatory inertial forces through B and the linear nature of the viscoelastic rheology,
the double dot product in (101) will feature quadratic terms in the inertial forcing.
In light of the Nome expansions introduced in Section 4.2, there will be couplings
between different frequencies of forcing. It is not feasible to determine the period of
all of these contributions, therefore, noting that all the expansions are multiples of the
lowest fundamental frequency, we take the time average over the largest possible period
of oscillation, because we are guaranteed that all couplings in the stress power will have
completed at least one cycle. The oscillation with the largest period is derived from
the Nome expansions for the mixed Jacobi elliptic functions (75) and (76), with n = 0,
yielding a period of T = 4K
(
k(R)
)
/ω(R), according to the kinematics of the rotator
determined in Section 2.4, and R = {L, S} for LAM and SAM rotation respectively.
Additional consideration must be given to the exponential relaxation factors ob-
tained from the singularities in the stress, such as the finding of (95) described in
Section 4.3, as these factors are non-periodic in time. To this end, we employ the pre-
vious assumption that the body has been rotating for a sufficiently long enough time
to obtain a constant shape of revolution, which allows us to reduce the viscoelastic ex-
ponential relaxation to either zero or unity, depending on the linear rheology used and
the material properties. For example, we note that (95), which assumed a Kelvin-Voigt
rheology, can be written as:
s0 = −η (YK + µ) , (102)
for Y > 0 being a constant, which would result in the exponential relaxation factor
exp (−η (YK + µ) t), according to (90). This factor would vanish for long times in the
instance of η → ∞ for elastic or very cold solids, or be unity for highly dissipating
materials whereby η → 0+.
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This approximation removes the non-periodic time contributions from the viscoelas-
tic stresses and, coupled with our earlier comments on the Jacobi Nome expansions,
enables us to write the time-average of the power Pavg as
Pavg =
1
T
∫ T+t0
t0
∫
V
(σD + σV ) :
∂
∂t
(εD + εV ) dV dt. (103)
Lastly, to calculate the decay of the wobbling angle θ
(R)
max , we employ the relation
(Breiter et al., 2012; Frouard & Efroimsky, 2017)
dθ
(R)
max
dt
=
−Pavg
|J |2
(
1
I22
− 1
I(R)
)
sin θ
(R)
max cos θ
(R)
max
, (104)
with I(L) = I11 and I
(S) = I33 . Also be mindful that within the adiabatic approxi-
mation we separate timescales. In application to the above equation, this means that
we assume both |J | and the moment of inertia matrix I are constant in time when
integrating over the longest timescale, that of the relaxation. Then, noting that Pavg
depends directly on the wobbling angle θ
(R)
max , we can rearrange the expression to find
the time necessary for the rotator’s maximal wobbling angle to decay from θi to θf
t
(R)
relax = − |J |2
(
1
I22
− 1
I(R)
)∫ θf
θi
sin θ
(R)
max cos θ
(R)
max dθ
(R)
max
Pavg
. (105)
We comment on formulae (103) and (104): Given that we previously assumed that
the triaxial geometry satisfied I11 < I22 < I33, we note that in LAM rotation, (104)
predicts that the the wobbling angle of the rotator will increase, whilst in SAM rotation,
it will decrease, coinciding with our description of the precession relaxation process in
Section 2.1. This is true provided our assumptions regarding the body being heatless,
isolated, and freely rotating hold, as this ensures that Pavg ≥ 0.
Regarding (103), we remark that the employment of time-averaging results imposes
a limitation on analytical modeling of the rotational behaviour close to the transition
between LAM and SAM modes. Time-averaging requires that the function be periodic
in time, while at the separatrix the maximal wobble angle is θ
(R)
max = 90◦ . This value
of the angle corresponds to k(R) = 1 which renders
cn (u, 1) = sech (u) , sn (u, 1) = tanh (u) , dn (u, 1) = sech (u) . (106)
The previously doubly-periodic functions now become non-periodic at the separatrix,
thus breaking the validity of time-averaging. This provides a mathematical reason for
why we are only able to consider the precession relaxation purely within the LAM or
the SAM regime, but not the transition between these two rotational behaviours.
6 ‘Oumuamua and Toutatis as ellipsoidal Maxwell
bodies
We apply our previously developed theory to two examples, the interstellar 1I/2017
(‘Oumuamua) and the planet-orbit crossing 4179 Toutatis, which represent the ex-
tremes of energy dissipation, with the former asteroid being almost non-dissipative,
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and the latter being highly dissipative. We generate timescale estimates for the preces-
sion relaxation, based on experimentally observed data and, at the same time, vary the
parameters which are unknown to develop an intuition for the role that the asteroid’s
geometry, mechanics, and material properties play in this process.
We take the deviatoric deformation of the body to obey the Maxwell rheology,
whilst the volumetric deformation is taken to be elastic. The former is taken to have the
Maxwell rheology because it has been experimentally shown to be in good agreement
with data, particularly for low temperature bodies such as ‘Oumuamua and Toutatis,
whilst the latter is supposed because the bulk viscosity is many orders of magnitude
larger than the shear viscosity for cold bodies. Therefore, for our case, the constitutive
relations are
σD +
η
µ
∂σD
∂t
= η
∂εD
∂t
, (107)
σV = 3KεV , (108)
where η is the shear viscosity, µ is the shear elasticity modulus, and K is the bulk
elastic modulus.
We further reduce the number of material parameters in our system by setting
the Poisson ratio ν = 1/4, a value most often assumed by cold solids, as argued by
Efroimsky & Lazarian (2000). For a viscoelastic material, a constant Poisson ratio is
meaningless, given the dynamic nature of the constitutive relations (107) and (108).
Nevertheless, we can still impose this constraint by taking the elastic limit η → ∞ of
the generalised Poisson ratio (66), which renders:
ν ∼ 3K − µ
6K − µ . (109)
Then the assumption ν = 1/4 will give us a relation between the bulk and shear moduli
as K = 5µ/6 . This is a tolerable approximation, because for realistic materials the
values of K and µ are not radically different, in contrast from the values of the bulk
and shear viscosities which differ from one another greatly.
For the case of a Maxwell rheology with this reduction of parameters, the nonperi-
odic exponential viscoelastic relaxation terms derived from the stress solution can be
written as exp (−Zµt/η), where Z ∈ (0, 1). Therefore, determining whether this factor
contributes to the time-averaged power, according to (103), is a matter of comparing
the viscosity, which is inversely proportional to the energy dissipation rate, with the
mechanical resistance to deformation.
Lastly, to obtain the forthcoming results, we employ the first 5 terms in the Nome
expansions discussed in Section 4.2, and analytically determine the viscoelastic stresses
of the rotator by following our derived theory, with assistance from a symbolic algebra
package. From this, determination of the precession relaxation time by means of (105)
is obtained through standard Riemann numerical integration.
6.1 Relaxation of ‘Oumuamua
We now proceed with calculating the time estimates for ‘Oumuamua. Previous work
by Fraser et al. (2018) found that, by using the precession decay estimate provided
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Parameter Numerical Value
Newton’s gravitational constant G = 6.674× 10−11 m3kg−1s−2
Largest semi-major axis length a = 115 m
First aspect ratio h1 =
b
a =
15
115
Angular momentum |J | = 5× 107 kg.m2s−1
Shear modulus µ = 5× 1010 Pa
Table 1: Experimentally reported or accepted estimates of parameters used to calculate
the precession relaxation of 1I/2017 (‘Oumuamua).
by Burns et al. (1973), the characteristic time for the interstellar asteroid to reach
its minimal energy rotation state was approximately 1010 − 1012 years, with the lower
bound supposing an icy material composition and the upper bound corresponding to a
composition of rock typical of a C-type asteroid. This result provides a starting point
for further investigation with the more general theory presented here.
We use the parameters given in Table 1, where the dimensions and aspect ratio
of the asteroid are taken from Jewitt et al. (2017). We employ a commonly used
estimate of µ for monolith rocks (Ryan & Blevins, 1987) and calculate the estimate
for the angular momentum by averaging the rotation around the longest axis and
shortest axis, with mass densities varying between ice and rock of a C-type asteroid
1 × 103 − 2 × 103 kg m−3 and the angular velocity reported by Bolin et al. (2017).
Furthermore, since ‘Oumuamua is a cold body, we expect its viscosity to exceed its
shear modulus by orders of magnitude, whence the exponential relaxation term reduces
to exp (−zµt/η) ∼ 1.
Given that the mass density ρ and second aspect ratio h2 are not precisely known
for ‘Oumuamua, we generate figures of the rescaled relaxation time t
(R)
relax/η, as the
viscosity can be scaled out of the expression for Pavg under the Maxwell rheology,
necessary for the maximum wobbling angle θ
(R)
max to dissipate from 5◦ to 85◦ in LAM
rotation and from 85◦ to 5◦ in SAM rotation with respect to h2 for various values
of ρ. In particular, we plot the relaxation time with respect to h2 for mass densities
ρ = {1× 103, 1.5× 103, 2× 103, 2.5× 103}, with units in kilograms per cubic meter, in
Fig. 2.
We comment on some important aspects of our results. First, noting that the total
relaxation time from the maximum energy rotation state to the minimum was given
by the sum of t
(L)
relax + t
(S)
relax, as discussed in Section 2.3, we observe that the dominant
contribution occurs when ‘Oumuamua is in LAM rotation and is a factor of 102 − 103
longer than its SAM counterpart. We reason that this aspect could be a result of
the additional factor of k describing the angular velocity around the e2 axis in LAM
rotation, given in (20). This additional factor would result in the appearance of terms
of k2 in the power calculation, given that we are concerned with linear rheologies,
which gives that the LAM time should be a factor of 1/k2 longer than the SAM time.
For k ∈ (0, 1), this gives an approximate increase of 102 over the integration region
θ ∈ [5◦, 85◦].
The longest prediction for the relaxation time is approximately 10−7 × η yrs for an
almost oblate ‘Oumuamua, so the estimate found by Fraser et al. (2018) is equivalent
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Figure 2: Time rescaled with respect to material viscosity t
(R)
relax/η, in units yrs.Pa
−1.s−1,
necessary to relax ‘Oumuamua’s maximum wobbling angle from 5◦ to 85◦ in LAM
rotation (top) and 85◦ to 5◦ in SAM rotation (bottom) for varying second aspect ratio
h2 and mass densities ρ = {1× 103, 1.5× 103, 2× 103, 2.5× 103} in units of kilograms
per cubic meter. Arrows point in the direction of increasing mass density
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to setting η ' 1017−1019 Pa.s in our theory, which physically corresponds to terrestrial
planets where the mantle is hot and bound by pressure. Realistically, ‘Oumuamua is a
very cold body which has a viscosity in the range η ≈ 1034−10200 Pa.s or perhaps even
higher, hence yielding a relaxation time-scale whose upper bound is 1023− 10193 yrs; a
substantially larger estimate than what the empirical Q-factor approach can predict.
Given that the relaxation time-scale is significantly larger than the age of the universe,
we can say with a high degree of certainty that, in the absence of an unlikely inter-
stellar collision, ‘Oumuamua’s NPA behavior will remain unchanged from its original
formation.
Second, we remark on the effects of increasing ‘Oumuamua’s mass density from ice
to much denser rock in Fig. 2. For both LAM and SAM rotation, the time necessary to
dampen the rotational behaviour decreases with increasing mass density. The reason
for this lies in the balance of linear momentum used to solve for the elastic stresses of
the rotator (44); namely, that with increased mass density, the corresponding stresses
must similarly increase, which then leads to greater power dissipation according to
(103).
Studying the dependence of the relaxation times with respect to the second aspect
ratio h2, we note that, for low densities, ‘Oumuamua in LAM rotation monotonically
increases as the body becomes further oblate, whilst in SAM rotation, both local
maximum values and minimum values of the relaxation time for particular values of
h2 exist. As the mass density increases to dense rock, the LAM relaxation time-
scale curve loses its monotonicity and features a local minimum at h2 ≈ 0.3855 for
ρ = 2.5× 103 kg.m3 while the local maxima and minima in the low-density SAM curve
become more pronounced, exhibiting a relaxation time maximum for low and high h2
and a minimum for intermediate values of this second aspect ratio.
6.2 Relaxation of Toutatis
Having studied a virtually nondissipative body, we now focus our attention on a ro-
tating object which is highly dissipative, Toutatis. Observations on the structure of
the asteroid made by the Chang’e-2 probe suggested that it is likely a rubble pile com-
prised of a number of loosely bound rocks under the effects of gravity (Huang et al.,
2013). To obtain a reasonable estimate for its viscosity, we recall that analysis of the
collapse of impact craters produces a value of about η ≈ 2.4 × 108 Pa.s for rubbles
and near-rubbles (Melosh & Ivanov, 1999).
We use the values of the parameters as in Table 2. Toutatis’s dimensions are aver-
ages of those reported in Huang et al. (2013) and the NASA Jet Propulsion Laboratory’s
Database (https://ssd.jpl.nasa.gov/sbdb.cgi?sstr=2004179), whilst the values for the
mass density were referenced from Scheeres et al. (1998). The angular momentum was
derived by taking the rotational period to be 176 hours per revolution (Warner et al.,
2015) and averaging the angular momentum of an ellipsoid rotating around its largest
and shortest axes.
The viscosity multiplied by a typical frequency χ (approximately 10−5 Hz) is many
orders less than the rigidity, wherefore the characteristic viscoelastic relaxation expo-
nential exp (−zµt/η) approaches zero very quickly. Combined with our assumption
that Toutatis has been rotating for a sufficiently long time, it is reasonable to assume
that the non-periodic exponential factor can be removed from the viscoelastic stress
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Parameter Numerical Value
Largest semi-major axis length a = 4.505× 103 m
First aspect ratio h1 =
b
a = 0.4909
First second ratio h2 =
c
b
= 0.8250
Mass density ρ = 2.1× 103 kg.m−3
Angular momentum |J | = 5.296× 1015 kg.m2s−1
Shear modulus µ = 5× 1010 Pa
Shear viscosity η = 2.4× 108 Pa.s
Table 2: Experimentally reported or accepted estimates of parameters used to calculate
the precession relaxation of 4179 Toutatis.
for the purpose of time-averaging.
Calculating the relaxation time for the maximum wobbling angle to dissipate from
5◦ to 85◦ in LAM and from 85◦ to 5◦ in SAM rotation, we obtain the values 4.3 ×
10−8 yr and 2.4 × 10−9 yr respectively. As with ‘Oumuamua, the relaxation time was
longer in LAM than in SAM, however, the most noteworthy aspect of this result arises
upon comparison with estimates presented in previous works Burns et al. (1973) and
Efroimsky & Lazarian (2000): Namely, our estimate is several orders of magnitude
smaller than these calculations, which lie in the range of 109 − 1011 yr.
Our result is a direct consequence of the full mechanical treatment of the precession
relaxation, not only by means of writing the power dissipation in less phenomenologi-
cal parameters, such as the viscosity, but also including the effects of self-gravitation,
known as pre-stressing. To illustrate where these differences arise, consider the rela-
tionship between the quality factor and the parameters of the Maxwell rheology (see
Appendix D of Frouard & Efroimsky (2017))
µQ = ηχ, (110)
where χ is the oscillating frequency of the stress defined, according to the angular
frequencies of the Nome expansions (80), as
χ > piω
(R)
K (k(R))
≈ 10−5 Hz, (111)
supposing the maximum value from LAM rotation and the fundamental base frequency,
because this is the rotational mode which dominates the precession relaxation.
Consequently, using η = 2.4×108 Pa.s from Table 2 yields that µQ is of the order of
103 Pa which is many orders of magnitude smaller than 1012 Pa− 1013 Pa supposed by
Efroimsky & Lazarian (2000) and Burns et al. (1973) respectively. The corresponding
relaxation time scale using our parameters from Table 2 into (1) (Ω = χ ≈ 10−5 Hz)
produces the estimate τ ≈ 1 yr, which is still larger than the result derived from the
full mechanical treatment.
This final discrepancy arises as a result of neglecting pre-stress, which estimates
such as (1) assume. Note however that this assumption breaks down for bodies which
are highly energy dissipating (i.e. ηχ µ). To verify this, we repeat our full numerical
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calculation of the precession relaxation time, with G = 0 to switch off the effects of
self-gravity, and find the results 0.49 yr and 0.080 yr for LAM and SAM rotations
respectively, the former of which corresponds to the previous estimate predicted by
(1).
This example highlights the importance for a full viscoelastic theory to describe
highly deformable and energy-dissipating bodies, as modeling these instances with the
Q-factor approach will produce significant errors, especially when coupled with the
omission of pre-stress.
7 Reduction to an oblate geometry
To better facilitate comparison with previous work and to derive a relatively simple
expression for the characteristic relaxation time, we consider the limit where the geom-
etry of the body is oblate. In this case, the principal semi-major axes of the rotator are
a = b ≥ c, so that there is only a single aspect ratio h2 = h = ca = cb , as h1 = 1. As a re-
sult, the kinematic motion of the rotator is reduced to a single mode of tumbling that is
parametrized by the wobbling angle θ ∈ [0◦, 90◦], with the upper and lower boundaries
corresponding to the maximum and minimum energy rotational states respectively.
We repeat the steps to calculate the power dissipation and relaxation times as
specified in Sections 2-5. We determine the forcing by solving the Euler equations (7)
to find the angular velocity components
Ω1 =
2 |J |
I33 (1 + h2)
sin θ cos (ω (t− t0)) , (112)
Ω2 =
2 |J |
I33 (1 + h2)
sin θ sin (ω (t− t0)) , (113)
Ω3 =
|J |
I33
cos θ , (114)
where I33 = 8piρha
5/15 in the oblate regime and t0 is an integration constant, and
determine the self-gravitation contributions by exactly integrating (37 - 39):
γ1 = γ2 =
Gpihρ
(
pi − 2h√1− h2 − 2 sin−1 h)
(1− h2)3/2
, (115)
γ3 =
4piGρ
(√
1− h2 − h cos−1 h)
(1− h2)3/2
. (116)
Combining these results to construct the forcing matrix B, as defined in (43), and
the elastic stresses in Appendix A for h1 = 1, we calculate the viscoelastic stresses,
assuming the same deviatoric Maxwell rheology and elastic volumetric material prop-
erties as in Section 6, for both the non-dissipative, ηχ  µ, and highly dissipative,
ηχ µ, limits to remove the non-periodic exponential terms from the stresses.
We determine the time averaged power according to (103) and plot the normalized
power Pnorm, whereby the curve is rescaled so that the enclosed area underneath is
unity, with respect to the wobbling angle θ for an oblate ‘Oumuamua (with parameters
h = 15/115, ρ = 2.0 × 103 kg.m−3, η = 1030 Pa.s, and those given in Table 1) and
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Toutatis (with h = 49/100 and parameters given in Table 2), in Fig. 3. We also
plot the the power dissipation both under the effects of self-gravitation and without to
compare to previous results.
We discuss some important characteristics of our results: First, we observe that, un-
der the effect of self-gravitation, the power dissipation for ‘Oumuamua appears reverse
compared to Breiter et al. (2012) and Frouard & Efroimsky (2017); namely, exhibiting
a higher power dissipation for small wobbling angles, yet relatively low power dissipa-
tion for angles approaching 90◦. On the contrary, Toutatis shows the usual dependence
of power dissipation, however, the curve is relatively flat, almost independent of θ,
as a consequence of its high energy dissipation and the effects of pre-stress. When
self-gravitation is switched off, we obtain curves more in line with figures presented
in Frouard & Efroimsky (2017) for both the non-dissipative and highly dissipative
regimes, with the highest energy dissipation occurring when θ = 90◦ and monotoni-
cally decreasing, yet never to zero.
This observation leads to the second and important departure from the results of
Breiter et al. (2012) and Frouard & Efroimsky (2017). We argue that this result is
reasonable for a Maxwell material as follows: For a body which is undergoing minimal
energy rotation around its shortest principal axis, there is only a single non-zero and
time independent angular velocity, which is Ω3 = |J | /I33. In this case, the inertial
effects of rotation are constant with respect to time, leading to B defined in (43)
being time-independent, and subsequently the elastic stresses. By transformation and
assuming the long time regime for a material, the viscoelastic stresses are similarly time
independent. However, by the constitutive relation for a deviatoric Maxwell rheology
(107), a non-zero stress that is constant with respect to time will produce a non-zero
strain rate, implying that the power dissipation (103) will not vanish for θ = 0.
We revisit comments made in Section 2.3 regarding the validity of the work pre-
sented to only model the process of precession relaxation. After the minimal energy
rotational state is obtained, power is still dissipated, which would theoretically manifest
as a deformation in the geometry of the body. A constant inertial force would elongate
the principal axes of the rotator, according to the Maxwell rheology, and would hence
slow the angular velocity as a consequence of the conservation of angular momentum.
We emphasize that an equilibrium geometry and hence constant angular velocity would
eventually be obtained as a result of the inertial forcing, which stretches the body, bal-
ancing with self-gravitation, which compresses it, however, this is out of the scope of
the present work and the assumptions regarding relaxation made in Section 2.1.
7.1 Estimate for dampening timescale
Though we have derived a general theory for the tumbling relaxation of a rotator,
we seek to derive relatively simple estimates for the characteristic dampening time
of an oblate geometry, in a similar vein to the classic result by Burns et al. (1973)
given in (1), yet including our full mechanical treatment of the problem. We strongly
emphasize that the estimates derived here are only valid for bodies whose Poisson ratio
ν is approximately 0.2; namely, cold, non-rubble rotators.
We proceed by observing that the power dissipation curves under self-gravitation in
Fig. 3 are close to symmetric, regardless of whether higher energy loss corresponds to
large or small wobbling angles. Given that we are interested in finding the dampening
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Figure 3: Normalized power dissipation Pnorm, in units J.s
−1, with respect to the
wobbling angle θ, in degrees, of an oblate ‘Oumuamua (solid line) and Toutatis (dashed
line) assuming a deviatoric Maxwell rheology and volumetric elastic response, under
the effects of self-gravitation (top) and without (bottom). In particular, the parameters
h = 35/230, ρ = 2.0× 103 kg.m−3, η = 1030 Pa.s, and those presented in Table 1 were
used for Oumuamua, whilst h = 49/100 and Table 2 were used for Toutatis.
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time necessary for θ to reduce from 90◦ to 0◦, this observation allows us to average
the power over the wobbling angle without incurring a significant error, producing
a θ independent function Ψ that approximates Pavg (θ) and corresponds exactly for
Pavg (θ ≈ 45◦).
However, Ψ is still algebraically complicated in our formalism, so we obtain a family
of simplifying expressions by expanding the time and θ averaged power as a series in
(h− c) under the asymptotic limits η  1 and h ∼ c for c ∈ {0.1, 0.2, ..., 0.8, 0.9}. This
general expansion applies for both the non-dissipative and highly dissipative regimes
and is given by
Ψ =
1
η
[
X1 |J |4
a13ρ2
+
X2G |J |2 ρ
a3
+X3a
7G2ρ4+
+
(
Y1 |J |4
a13ρ2
+
Y2G |J |2 ρ
a3
+ Y3a
7G2ρ4
)
(h− c)
+
(
Z1 |J |4
a13ρ2
+
Z2G |J |2 ρ
a3
+ Z3a
7G2ρ4
)
(h− c)2
]
+O
(
1
η2
, (h− c)3
)
, (117)
where X, Y , and Z are series coefficients which we provide in Tables 3 and 4 for various
values of c.
Given that we are considering the oblate case, which not only implies I11 = I22 but
also a single tumbling mode similar to SAM rotation exists, as θ decreases from 90◦ to
0◦, we find that the general triaxial expression for time (105) reduces to:
trelax = − |J |2
(
1
I22
− 1
I33
)∫ 0◦
90◦
sin θ cos θdθ
Pavg
. (118)
However, as argued above, Pavg ≈ Ψ, which is independent of θ, so that we can integrate
for the characteristic dampening time exactly
trelax ≈ 15 (1− h
2) |J |2
16pia5h (h2 + 1) ρΨ
, (119)
where the relaxation time is given in seconds and we have used I22 = 4piρha
5 (h2 + 1) /15
and I33 = 8piρha
5/15.
We illustrate the use of this estimate by applying it to an oblate ‘Oumuamua and
Toutatis, using the same parameters that generated Fig. 3. In this case, the aspect
ratios are h = 15/115 ≈ 0.13 and h = 0.4909 ≈ 0.49, so the closest approximation
is therefore provided by expanding around c = 0.1 and c = 0.5. Substituting the
expansion coefficients in the first column of Tables 3 and 4 into (117), we obtain
Ψnon =
281525
η
, (120)
Ψdiss = 1.44972× 109 , (121)
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c = 0.1 0.2 0.3 0.4 0.5
X1 84.0946 9.34075 2.31503 0.788575 0.32401
X2 −1.04476 −0.770745 −0.549492 −0.379949 −0.256657
X3 0.007732 0.038778 0.083662 0.129058 0.167433
Y1 −2591.43 −154.300 −27.8029 −7.66355 −2.63691
Y2 2.99468 2.47885 1.94809 1.45217 1.02763
Y3 0.195009 0.404570 0.469743 0.425599 0.340646
Z1 52215.4 1596.14 201.403 44.4017 13.0037
Z2 −2.45675 −2.66034 −2.60441 −2.32400 −1.90652
Z3 1.30830 0.693772 −0.002247 −0.379551 −0.418326
c = 0.6 0.7 0.8 0.9
X1 0.153401 0.081651 0.047722 0.029891
X2 −0.171424 −0.115133 −0.079239 −0.056703
X3 0.197889 0.224858 0.256348 0.302293
Y1 −1.05142 −0.473345 −0.237917 −0.131726
Y2 0.692487 0.447724 0.281942 0.177417
Y3 0.276165 0.276845 0.369712 0.567015
Z1 4.50251 1.75438 0.757442 0.361606
Z2 −1.44450 −1.01316 −0.659927 −0.400890
Z3 −0.189177 0.218238 0.720202 1.25437
Table 3: Expansion coefficients X, Y , and Z for c ∈ {0.1, 0.2, ...0.8, 0.9} necessary to generate
simplified expansions for the time and θ averaged power Ψnon defined in (117) for the non-
dissipative regime.
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c = 0.1 0.2 0.3 0.4 0.5
X1 83.7324 9.29576 2.29872 0.778738 0.316977
X2 −1.03116 −0.755807 −0.530064 −0.353326 −0.222088
X3 0.007595 0.037407 0.077634 0.110910 0.124928
Y1 −2580.36 −153.661 −27.6906 −7.62614 −2.61479
Y2 2.99587 2.50703 2.00887 1.53179 1.10309
Y3 0.190652 0.380481 0.393787 0.250806 0.022273
Z1 51991.8 1589.38 200.607 44.2562 12.9661
Z2 −2.37039 −2.49343 −2.46240 −2.28560 −1.98231
Z3 1.25910 0.530613 −0.37158 −0.997227 −1.21535
c = 0.6 0.7 0.8 0.9
X1 0.148287 0.0780177 0.045196 0.028152
X2 −0.130337 −0.070240 −0.033345 −0.011949
X3 0.115358 0.086180 0.047863 0.014291
Y1 −1.03462 −0.460474 −0.228553 −0.125221
Y2 0.745189 0.471083 0.279817 0.158215
Y3 −0.206710 −0.358844 −0.383868 −0.263084
Z1 4.48153 1.73569 0.741331 0.349199
Z2 −1.58539 −1.15663 −0.767664 −0.464386
Z3 −1.00824 −0.470876 0.235273 0.968531
Table 4: Expansion coefficients X, Y , and Z for c ∈ {0.1, 0.2, ...0.8, 0.9} necessary to gen-
erate simplified expansions for the time and θ averaged power Ψdiss defined in (117) for the
dissipative regime.
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which gives the characteristic dampening timescale using (119) as
tOumuamua ≈ 1.54791× 10−11η yrs , (122)
tToutatis ≈ 5.8754× 10−8 yrs . (123)
We comment on our result: Comparison of our analytic expression to numeri-
cal integration of (118) gives a relative error no greater than 0.2% varying η from
1013 − 10200 Pa.s for the case of ‘Oumuamua, and an error of 0.002% for the case
of Toutatis, suggesting that our averaging approximations and series expansions are
valid. Furthermore, comparing our oblate estimate to the triaxial results presented in
Section 6, we note that the relaxation time for ‘Oumuamua is between the timescales
of LAM and SAM tumbling, whilst Toutatis is closer to its corresponding LAM result.
To obtain the characteristic dampening time-scale obtained by Fraser et al. (2018), η
is now in the range of 1021 − 1023 Pa.s.
As a consequence of obtaining an analytic estimate for the relaxation timescale
which features contributions from both rotation and self-gravitation, we can derive a
criterion which indicates whether the effects of pre-stress can be neglected. We derive
this from (117) by demanding that, for a given trio of terms multiplied by a power of
(h− c), the latter two terms must be smaller than the first to ensure that gravity does
not affect the relaxation dynamics. Explicitly, we find
|J |  G1/2ρ3/2a5 , (124)
to ensure that self-gravitation can be correctly neglected for a body obeying a Maxwell
rheology. We note that the parameters for Toutatis given in Table 2 do not satisfy this
criterion, hence leading to the sizeable discrepancy between our results and those from
previous works.
8 Conclusion
In this paper, we studied the relaxation time-scale necessary to dampen the wobbling
behaviour of a freely rotating inelastic ellipsoid. Following the ideas suggested in the
recent work by Frouard & Efroimsky (2017), we determined the dissipation rate of the
rotational kinetic energy by employing a method consistent with the field of continuum
mechanics. The essence of this approach is to suppose that the rotator is obeying a
general linear viscoelastic rheology, and to use this rheology to calculate the power
dissipation from the distribution of the stresses and strains.
In order to estimate the precession relaxation timescale, we developed a theory
that first detailed the kinematics of a freely rotating object both in the LAM and
SAM modes. Within the quasi-rigid and adiabatic approximations, we assumed that
precession occurs on a timescale much shorter than relaxation, so the two processes
could be addressed separately. The kinematics of the rotating body provided inertial
forcing and were combined with the effects of self-gravitation to produce an elastic
stress field for the rotator.
At the next step, we obtained the viscoelastic stresses by the Correspondence Prin-
ciple and the method of Laplace transforms. The latter was implemented due to the
simple way of finding the inverse transform, which was a matter of obtaining the root
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of a polynomial and differentiating, rather than using integration or convolution oper-
ators as with other integral transforms. Having determined the viscoelastic stresses,
we calculated the energy dissipation rate 3 and subsequently derived the relaxation
time necessary for the rotator to dampen its precession to a specified final maximum
wobbling angle.
We then applied our formalism to the interstellar asteroid 1I/2017 (‘Oumuamua)
and the planet-orbit crossing 4179 Toutatis as examples of a close to non-dissipative
body and a rotator which was highly dissipative. In both cases, weak deviatoric de-
formations were modeled by the Maxwell rheology whilst the volumetric deformations
were taken to be elastic. In the non-dissipative regime, we numerically showed that the
relaxation time-scales predicted in previous works were significant underestimates and
corresponded to material parameters consistent with planetary mantles. Our model
predicted that the relaxation time-scale was of the order 1023−10193 yrs when viscosi-
ties of very cold monoliths were used. This range of timescales exceeds the age of the
universe so greatly that we may safely state that ‘Oumuamua’s wobble has undergone
no appreciable change during this asteroid’s peregrination from where it was born.
Given that the mass density and second aspect ratio for ‘Oumuamua were unknown,
we further investigated the effect of these two contributions on the process of precession
relaxation. We have found that, generally, an increase of the mass density yields a
decrease of the relaxation time, and further creates local maxima and minima in the
dampening time as a function of the second-aspect ratio h2 , see Figure 2. For LAM
rotation, a local maximum and minimum are created with increasing mass density,
whereas two local maxima and a minimum are created in the SAM mode.
We then shifted our focus to a highly energy dissipating body, Toutatis. Numer-
ically, we found that employing a full mechanical treatment of precession relaxation
produced a timescale of the order 10−8 yr , which was significantly less than estimates
produced by previous works. We determined that this discrepancy arose for two rea-
sons: First, by employing viscosity rather than the empirical Q-factor and, second, by
including the effect of self-gravitation which is no longer negligible for highly energy-
dissipating bodies such as Toutatis. For the experimental viscosity reported, we found
that the corresponding Q-factor was 109 − 1010 less than those posited by Efroimsky
& Lazarian (2000), whilst switching off gravity allowed us to obtain an estimate of the
same order as that predicted by Burns et al. (1973). This example highlighted the
significant differences that could arise from a full viscoelastic description of NPA relax-
ation and the consequence of omitting pre-stress, specifically for a highly dissipative
rotator.
Having investigated the contributions of a triaxial geometry, we reduced our gen-
eral theory to model a Maxwell rotator with an oblate geometry so that comparison
could be made with previous works. We found that our work exhibited maximum
power dissipation for both high and low wobbling angles, whereas previous works only
showed a bias of high power dissipation for high wobbling angles. We argued that this
was a consequence of including self-gravitation as we obtained similar results to those
presented in Frouard & Efroimsky (2017) when gravity was switched off. However, in
3 Aside from knowing the stress, it is also necessary to know the strain rate in order to write down
the power. However, for linear rheologies, like the Maxwell example we did, this entire development
can be just written in terms of the stress and stress rate.
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our model, the power dissipation did not vanish when the body spun in its minimum
rotational energy state as in previous works, however, we argued this result agreed with
the Maxwell rheology imposed.
We then proceeded to derive simplified analytic estimates for the characteristic
dampening time for both close to non-dissipating and highly dissipative bodies with
Poisson ratios of 0.2 , which corresponded to cold bodies. By appealing to the sym-
metry of the power dissipation with respect to the wobbling angle and expanding in
terms of a particular aspect ratio, we obtained a series of approximations which only
exhibited relative errors no larger than 0.2% for the case of an oblate ‘Oumuamua,
and 0.002% for an oblate Toutatis, when compared with numerical integration. Fur-
thermore, we derived a criterion for when self-gravitation could be safely neglected and
showed that the effects of pre-stress should be included when modeling the precession
relaxation of Toutatis.
The current work is a promising step into mechanically describing the NPA tum-
bling relaxation of celestial bodies. There are numerous avenues of investigation that
can be further pursued, such as the inclusion of more complex viscoelastic rheologies
which feature secondary creeping behavior; a more realistic model for deformations in
rock (see Appendix B for a brief discussion on the mathematics). However, with the
significantly small relaxation timescale predicted for Toutatis, an important question
to consider is whether the adiabatic approximation, allowing us to decouple the effects
of rotation and deformation, remains valid and whether a significant error is produced
by applying it to such highly deformable objects. In this case, one must then con-
sider the full Euler equations for rotation, however, there do exist formalisms, such
as that involving pseudo-elastic bodies, which may provide progress in answering such
questions.
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A Coefficients for linearly elastic stresses
We write the explicit forms for the elements of S(ij) in ansatz (56). By imposing the
balance of angular momentum, the entries of the matrices satisfy S
(ij)
mn = S
(ij)
nm , for
indices m and n taking the values {1, 2, 3}; in particular, the off-diagonal elements of
a particular S(ij) must be equal. By imposing the balance of linear momentum (44)
and the free-ends boundary condition (55), we can solve 30 of the entries in terms of
the matrix elements of the constant matrix S
(00)
mn , which are
S
(11)
11 = S
(00)
11 , S
(11)
12 = S
(00)
12 , S
(11)
13 = S
(00)
13 , (125)
S
(11)
22 =
h22
(
h21
(
2S
(00)
11 − ρ (B11 +B11 −B33)
)
+ 4S
(00)
22
)
− 2S(00)33
2h22
, (126)
S
(11)
23 = 3S
(00)
23 − ρh21h22B23, (127)
S
(11)
33 =
h22
(
h21
(
2S
(00)
11 − ρ (B11 −B22 +B33)
)
− 2S(00)22
)
+ 2S
(00)
33
2
, (128)
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S
(22)
12 = S
(00)
12 , S
(22)
22 = S
(00)
22 , S
(22)
23 = S
(00)
23 , (129)
S
(22)
11 =
h22S
(00)
22 − S(00)33
h21h
2
2
+ 2S
(00)
11 −
ρ (B11 +B22 −B33)
2
, (130)
S
(22)
13 = 3S
(00)
13 − ρh21h22B13, (131)
S
(22)
33 =
h22
(
h21
(
2S
(00)
11 + ρ (B22 +B33 −B11)
)
− 2S(00)22
)
2
− 2S(00)33 , (132)
S
(33)
13 = S
(00)
13 , S
(33)
23 = S
(00)
23 , S
(33)
33 = S
(00)
33 , (133)
S
(33)
11 =
S
(00)
33 − h22S(00)22
h21h
2
2
+ 2S
(00)
11 −
ρ (B11 −B22 +B33)
2
, (134)
S
(33)
12 = 3S
(00)
12 − ρh21B12, (135)
S
(33)
22 =
h22
(
h21
(
−2S(00)11 + ρ (B11 −B22 +B33)
)
+ 4S
(00)
22
)
+ 2S
(0)
33
2h22
, (136)
S
(12)
11 = 0, S
(12)
22 = 0, (137)
S
(12)
33 = 4h1h
2
2S
(00)
12 − 2ρh31h22B12, (138)
S
(12)
12 =
h22
(
h21
(
ρ (B11 +B22 −B33)− 2S(00)11
)
− 2S(00)22
)
+ 2S
(00)
33
2h1h22
, (139)
S
(12)
13 = −
2S
(00)
23 − ρh21h22B23
h1
, (140)
S
(12)
23 = −2h1S(00)13 + ρh31h22B13, (141)
S
(13)
11 = 0, S
(13)
33 = 0, (142)
S
(13)
22 =
4h1S
(00)
13 − 2ρh31h22B13
h2
, (143)
S
(13)
12 = −
2S
(00)
23 − ρh21h22B23
h1h2
, (144)
S
(13)
13 =
h22
(
h21
(
ρ (B11 −B22 +B33)− 2S(00)11
)
+ 2S
(00)
22
)
− 2S(00)33
2h1h2
, (145)
S
(13)
23 = −2h1h2S(00)12 + ρh31h2B12, (146)
41
S
(23)
22 = 0, S
(23)
33 = 0, (147)
S
(23)
11 =
4S
(00)
23 − 2ρh21h22B23
h21h2
, (148)
S
(23)
12 = −
2S
(00)
13 − ρh21h22B13
h2
, (149)
S
(23)
13 = −2h2S(00)12 + ρh21h2B12, (150)
S
(23)
23 =
h22
(
h21
(
2S
(00)
11 + ρ (−B11 +B22 +B33)
)
− 2S(00)22
)
− 2S(00)33
2h2
. (151)
(152)
By further solving the constitutive relation (49), we find the matrix entries of S(00)
S
(00)
11 =
ρ (f111B11 − h21f112B22 − h21h22f113B33)
g
, (153)
S
(00)
22 =
ρh21 (−f221B11 + f222B22 − h22f223B33)
g
, (154)
S
(00)
33 =
ρh21h
2
2 (f331B11 + f332B22 + f333B33)
g
, (155)
S
(00)
12 =
ρh21B12 (h
2
1h
2
2 (2h
2
2 + ν + 1) + h
2
2 (ν + 1) + 2(ν + 1))
2h22 (h
2
1 (2h
2
2 + ν + 1) + ν + 1) + 6(ν + 1)
, (156)
S
(00)
13 =
ρh21h
2
2B13 (h
2
1 (h
2
2(ν + 1) + 2) + (2h
2
2 + 1) (ν + 1))
2h21 (h
2
2(ν + 1) + 2) + 2 (3h
2
2 + 1) (ν + 1)
, (157)
S
(00)
23 =
ρh21h
2
2B23 (h
2
1 (ν + 1) (2h
2
1h
2
2 + h
2
2 + 1) + 2)
2h21(ν + 1) (h
2
2 (3h
2
1 + 1) + 1) + 4
, (158)
with f and g being purely functions of the Poisson ratio ν, the former given by
f111 = 3h
8
1h
4
2
(
ν2 − 1) (4h42 + h22 (ν + 3) + 4)
+ h61h
2
2
(
h22 + 1
)
(ν + 1)
(
4h42 (ν − 2)
+h22 (ν (10ν − 7)− 7) + 4 (ν − 2)
)
+ h41
(
8h82
(
ν2 − 1)+ h62 (ν2 (7ν + 6)− 9ν − 12)
+ 2h42
(
ν2 (11ν − 1)− 7ν − 11)
+h22
(
ν2 (7ν + 6)− 9ν − 12)+ 8ν2 − 8)
+ 2h21
(
h22 + 1
) (
h42
(
ν2 − 1) (2ν + 3)
+h22 (ν (ν − 3)− 2) +
(
ν2 − 1) (2ν + 3))
+ 2
(
3h42 + 2h
2
2 + 3
) (
ν2 − 1) , (159)
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f112 = h
6
1h
4
2(ν
2 − 1 (4h42 + 3h22 (ν + 1) + 2)
+ h41h
2
2
(
4h62ν (ν + 1) + h
4
2
(
ν2(6ν + 13)− 3)
+h22
(
ν2 (8ν + 5) + 4ν − 1)+ 2 (4ν2 + ν − 1))
+ h21
(
νh62 (5− ν) (ν + 1) + h42
(
2ν2 (3ν + 4) + 4ν − 2)
+h22
(
ν2 (3ν + 4) + 3ν − 2)+ 2ν2 − 2)
− 2ν (ν + 1) (h42 (ν − 3)− 2h22ν + ν − 1) , (160)
f113 = h
6
1h
2
2
(
ν2 − 1) (2h42 + 3h22 (ν + 1) + 4)
+ h41
(
2h62
(
4ν2 + ν − 1)+ h42 (ν2 (8ν + 5) + 4ν − 1)
+h22
(
ν2 (6ν + 13)− 3)+ 4ν (ν + 1))
+ h21
(
2h62
(
ν2 − 1)+ h42 (ν2 (3ν + 4) + 3ν − 2)
+h22
(
2ν2 (3ν + 4) + 4ν − 2)− ν (ν − 5) (ν + 1))
+ 2ν
(
h42 − ν2
(
h22 − 1
)2
+ 2ν
(
h22 + 1
)
+ 3
)
, (161)
f221 = −2
(
ν2 − 1) (h21ν − 1)+ 4h41h82 (ν + 1) (h21ν + ν − 1)
+ h21h
6
2
(−h41ν (ν − 5) (ν + 1) + h21 (ν2 (6ν + 13)− 3)
+3 (ν − 1) (ν + 1)2)+ h22 (4h41ν2 (ν + 1)
+h21
(
ν2 (3ν + 4) + 3ν − 2)+ 2 (4ν2 + ν − 1))
+ h42
(−2h61ν (ν − 3) (ν + 1) + h41 (2ν2 (3ν + 4) + 4ν − 2)
+h21
(
ν2 (8ν + 5) + 4ν − 1)+ 2ν2 − 2) , (162)
f222 = 2h
8
1h
4
2
(
ν2 − 1) (4h42 + h22 (2ν + 3) + 3)
+ h61h
2
2
(
4h62 (ν − 2) (ν + 1) + h42
(
ν2 (7ν + 6)− 9ν − 12)
+2h22
(
2ν2 (ν + 2)− 5ν − 5)+ 4ν2 − 4)
+ h41
(
12h82
(
ν2 − 1)+ h62 (ν + 1) (ν (10ν − 3)− 15)
+ 2h42
(
ν2 (11ν − 1)− 7ν − 11)+ 2h22 (2ν2 (ν + 2)− 5ν − 5)
+6ν2 − 6)+ h21 (3h62 (ν2 − 1) (ν + 3)
+ h42 (ν + 1) (ν (10ν − 3)− 15) + h22
(
ν2 (7ν + 6)− 9ν − 12)
+2(ν2 − 1)(2ν + 3))
+ 4 (ν + 1)
(
3h42 (ν − 1) + h22 (ν − 2) + 2 (ν − 1)
)
, (163)
f223 = ν (ν + 1)
(
4− h21
(
2h21 (ν − 3) + ν − 5
))
+ 2h41h
6
2
(
h41
(
ν2 − 1)+ h21 (4ν2 + ν − 1)+ ν2 − 1)
+ h21h
4
2
(−2h61ν (ν2 − 1)+ h41 (ν2 (3ν + 4) + 3ν − 2)
+h21
(
ν2 (8ν + 5) + 4ν − 1)+ 3 (ν − 1) (ν + 1)2)
+ h22
(
4h61ν
2 (ν + 1) + h41
(
2ν2 (3ν + 4) + 4ν − 2)
+h21
(
ν2 (6ν + 13)− 3)+ 4ν2 − 4) , (164)
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f331 = h
6
1h
2
2ν (ν + 1)
(
2h42 (ν − 3) + h22 (ν − 5)− 4
)
− h41
(
4h62ν
2 (ν + 1) + h42
(
2ν2 (3ν + 4) + 4ν − 2)
+h22
(
ν2 (6ν + 13)− 3)+ 4ν2 − 4)+ h21 (2h62ν (ν2 − 1)
− h42
(
ν2 (3ν + 4) + 3ν − 2)− h22 (ν2 (8ν + 5) + 4ν − 1)
−3 (ν − 1) (ν + 1)2)− 2 (h42 (ν2 − 1)
+h22
(
4ν2 + ν − 1)+ ν2 − 1) , (165)
f332 = 2h
8
1h
4
2
(
ν2 − 1) (h22ν − 1)− h61h22 (4h42ν2 (ν + 1)
+h22
(
ν2 (3ν + 4) + 3ν − 2)+ 2 (4ν2 + ν − 1))
+ h41
(
2h62ν (ν − 3) (ν + 1)− 2h42
(
ν2 (3ν + 4) + 2ν − 1)
−h22
(
ν2 (8ν + 5) + 4ν − 1)− 2ν2 + 2)
+ h21
(
h42ν (ν − 5) (ν + 1) + h22
(
3− ν2 (6ν + 13))
−3 (ν − 1) (ν + 1)2)− 4ν (h22 (ν + 1) + ν)+ 4, (166)
f333 = 2h
8
1h
4
2
(
ν2 − 1) (3h42 + h22 (2ν + 3) + 4)
+ h61h
2
2
(
4h62
(
ν2 − 1)+ 2h42 (2ν2 (ν + 2)− 5ν − 5)
+h22
(
ν2 (7ν + 6)− 9ν − 12)+ 4 (ν − 2) (ν + 1))
+ h41
(
6h82
(
ν2 − 1)+ 2h62 (2ν2 (ν + 2)− 5ν − 5)
+ 2h42
(
ν2 (11ν − 1)− 7ν − 11)
+ h22 (ν + 1) (ν (10ν − 3)− 15) +12
(
ν2 − 1))
+ h21
(
2h62
(
ν2 − 1) (2ν + 3)
+ h42
(
ν2 (7ν + 6)− 9ν − 12)
+ h22 (ν + 1) (ν (10ν − 3)− 15) +3
(
ν2 − 1) (ν + 3))
+ 4 (ν + 1)
(
2h42 (ν − 1) +h22 (ν − 2) + 3 (ν − 1)
)
, (167)
whilst the latter is found as
g = 6h81h
4
2
(
ν2 − 1) (4h42 + h22 (ν + 3) + 4)
+ 2h61h
2
2
(
h22 + 1
) (
ν2 − 1) (8h42 + h22 (13ν + 7) + 8)
+ 2h41 (ν − 1)
(
12h82 (ν + 1) + h
6
2 (ν + 1) (13ν + 15)
+h42
(
38ν2 + 50ν + 32
)
+ h22 (ν + 1) (13ν + 15) + 12 (ν + 1)
)
+ 2h21
(
h22 + 1
) (
ν2 − 1) (3h42 (ν + 3) +
+2h22 (5ν + 3) + 3 (ν + 3)
)
+ 8
(
ν2 − 1) (3h42 + 2h22 + 3) . (168)
B Proof of the simplified form for the Inverse Laplace
Transform under linear rheologies
We provide a more detailed discussion of the mathematics leading to the reduction
of the inverse Laplace transform to (90) for linear viscoelastic rheologies. The most
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Im(s)
Re(s)
C
Figure 4: Integration in complex frequency space to determine the inverse Laplace
transform. The real parameter β in the Bromwich integral (169) must be chosen so
that all singularities of the function estα̂ (s) (shown as crosses) are to the left of the
vertical contour. For linear viscoelastic rheologies, one is then allowed to create an
enclosed contour in the complex plane that contains all the poles, thereby reducing
the problem of inverse transformation to finding the corresponding residues of the
singularities.
general method of the inverse Laplace transform involves calculation of the Bromwich
integral (Bromwich, 1917)
α (t) ≡ L−1 {α̂ (s)} = lim
ξ→∞
1
2pii
β+iξ∫
β−iξ
estα̂ (s) ds , (169)
where β ∈ R is a parameter chosen so that all the singularities of α̂ (s), taken to occur
at s = s0, satisfy Re (s0) < β; namely, that the singularities occur to the left of the
vertical contour integral in complex frequency space (see Fig. 4).
Given that the focus of the current work is on linear viscoelastic rheologies, the
transformed operators P̂1, Û1, P̂2, and Û2 feature only integer powers of the Laplace
variable s, and therefore only pole singularities exist in the integrand. This aspect
allows us to create a closed, right-hand oriented contour in the complex frequency
space, so that ∮
estα̂ (s) ds = lim
ξ→∞
β+iξ∫
β−iξ
estα̂ (s) ds+
∫
C
estα̂ (s) ds , (170)
where C is a left semi-circular contour with the center of the circle lying at s = β (see
Fig. 4).
To evaluate the integral over C, we use the contour parameterisation s = β + reiψ
for ψ ∈ [pi/2, 3pi/2] in the limit of r → ∞, given that ξ → ∞. In this limit, the
transformed generalised Poisson ratio (71) becomes
ν̂V E ∼ p
(m1)
1 u
(n2)
2 s
m1+n2 − p(m2)2 u(n1)1 sm2+n1
p
(m1)
1 u
(n2)
2 s
m1+n2 + 2p
(m2)
2 u
(n1)
1 s
m2+n1
, (171)
which gives three possibilities:
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• m1 + n2 < m2 + n1, so that ν̂V E ∼ −1/2,
• m1 + n2 > m2 + n1, yielding the behaviour ν̂V E ∼ 1,
• and m1 + n2 = m2 + n1, so that ν̂V E ∼
(
p
(m1)
1 u
(n2)
2 −p
(m2)
2 u
(n1)
1
)
(
p
(m1)
1 u
(n2)
2 +2p
(m2)
2 u
(n1)
1
) .
The second and third cases cause the integral over C to be non-trivial: The second
case results in a singularity, given that this is a zero of g found in (168), which results
in poles for the explicit solutions for the entries of S(00), whilst the third can lead
similarly cause g to vanish for particular values of p
(m1)
1 , p
(m2)
2 , u
(n1)
1 , and u
(n2)
2 .
Restricting our attention to the first and third case, for constants which do not
cause stress singularities, the fictitious stress remains bounded. Furthermore, we note
that, for the present work, α̂ (s) can be decomposed as:
α̂ (s) = X (ν̂V E)L{Bij} , (172)
whereby the function X is independent of s in the limit r →∞, as νˆV E asymptotically
reduces to the constants discussed above.
As a direct consequence, we are guaranteed a finite inverse Laplace transform given
that the Laplace transform of Bij exists, leading to the nice reduction:∮
estα̂ (s) ds = lim
ξ→∞
β+iξ∫
β−iξ
estα̂ (s) ds . (173)
We compute the closed contour integral using Cauchy’s Residue Theorem, which
states that the location and nature of the singularities enclosed in the contour determine
the computed value of the integral (Mitrinovic & Keckic, 1984)
2pii
∑
Res
[
estα̂ (s)
]
= lim
ξ→∞
β+iξ∫
β−iξ
estα̂ (s) ds , (174)
so that, by the relation between the Bromwich integral and the inverse Laplace trans-
form, we obtain the desired simplified form
L−1 {α̂ (s)} =
∑
Res
[
estα̂ (s)
]
. (175)
We make some closing remarks on the emphasis that the powers of s in the devi-
atoric and volumetric operators be integer powers. A natural question to consider is
what occurs when fractional powers of s, which predict secondary relaxation timescales
like the Andrade model (Efroimsky, 2012), are included. The answer is that such singu-
larities are now branch points, which introduce notions of multi-valued functions. The
simple complex integration contour in Fig. 4 that allowed us to derive the simplified
form of the inverse Laplace transform breaks down; it is no longer guaranteed that
the integrand has the same value along this entire contour. Therefore, the integration
contour must now be deformed to avoid crossing into a Riemann manifold where the
function has a different value, which hence results in integral contributions that no
longer necessarily vanish, as for the case above.
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